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Joint work with...

Thomas Jahn (KU Eichstatt-Ingolstadt)
Felix Voigtlaender (KU Eichstatt-Ingolstadt)

recently published as

» Sampling numbers of smoothness classes via ¢;-minimization, J.
Complexity, 79, 2023
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om(F)x = inf . iof o S If = R(F (1), - f(tm)) ] x -

sampling width = minimal worst-case error for optimal standard information

P Bartel, Cohen, Dai, Dolbeault, Diing, Heinrich, Kimmerer, Krieg, Nagel, Novak, Schifer, Sickel, Temlyakov, Triebel, M. Ullrich, T. Ullrich,
Voigtlaender, Vybiral, Wojtaszczyk, Wozniakowski, . ..
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‘ Take home message

Sampling widths vs. best n-term approximation

O[Cnlog(n)4] ('F)L2 < éan("r7 B>Loo

Approximate using > Cnlog(n)* approximate f € F by linear com-
samples of f € F, binations of n basis elements of 55,
error measured in Lo error measured in L,

» Simplified version of main result

» Example: best-m-term trig. approximation

» Constant C and C are under control!

» Quantity on the right-hand side has been studied intensively in various
scenarios
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‘ Best n-term approximation

Sparse (non-linear) approximation

> Best n-term approximation wrt. a dictionary B = (¢;);
» X quasi-Banach space, f € X
ou(£B)x =it {[[£ =D Aws||  : 1AI<n,\ € s € B}
JEA
= inf ||f —
nt (£ = gllx
P> Best n-term widths

on(F,B)x :=sup on(f,B)x
feF

> o1 >022> .. .20, > ..
See also Pietsch 1981

v
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‘ Best n-term approximation

Non-linear vs. linear approximation

V; := linear combinations of basis elements with coeff. in J
¥, := linear combinations of n dictionary elements
P Vi1,2y

on(F,B)x == sup inf [[f—gllx , Ej(F)x:= sup inf [f—gly
£l <1 9€5n If]l-<19€Vs
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‘ Compressed sensing

Sparse trigonometric polynomials
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kel

Sparsity s: Only few frequencies are “active”, i.e.,
{k : cr 20} <s
Goal: Reconstruct f from samples 47 = (f(t1), ..., f(tm)) where m << N.
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Basis pursuit denoising - ¢1-minimization

s-sparse signal
x of length N

m measurements short fat matrix

Y A

Perturbed samples: ; =y, +d = A -z + J, A satisfies RIP of order s

Basis pursuit denoising: min, ¢~ ||z||; subject to ||y — Axz||, < d/m
C
|z — 2#| . < 7150—8(95)1 + Ca6.

Foucart, Rauhut '13: A mathematical introduction to CS
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‘ {1-minimization

[llustration
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‘ Number of measurements

RIP for bounded orthonormal systems

v

B := (¢5)je[n) C L2(p) bounded orthonormal system, i.e. |lo;llr.. < K

v

Number of samples

m>C-K?-s-log(s)® - log(N)
> t177tm”'\5l/’6
> Then, for A =(;(te)) ey i) the matrix ﬁA has RIP(s).

Sparse signals can be recovered robustly using £'-minimization for the
measurements given by A.

» Candes, Tao, Donoho, Foucart, Rauhut ...
> Bourgain '14, Haviv, Regev '17: log(s)? for Fourier basis
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‘ Number of measurements

Minimal number of samples

Lemma (Foucart, Pajor, Rauhut, T. Ullrich 2010)

Let 0 <p<1and N,m,s € N. If A€ R™*N s a matrix such that every
2s-sparse vector is exactly recovered by {1-minimization. Then

m > cslo (N)
= 8\2s/’
where ¢ :=1/log9 = 0.455.
Corollary: Sharp behavior of Gelfand widths for £, with 0 < p <1 in {5

log(eN/m) ) 1/p—1/2
m

Cm(Up, £a) = (

Nonlinear sampling recovery - Luminy 2024 - Tino Ullrich 11/20


11/20

‘ A nonlinear recovery method

Recovery with high probability
Theorem [Jahn, T. Ullrich, Voigtlaender '23]

Let F < Lo and P : Lo, — Lo a (J, J*)-quasi-projection.
Put

1= 2||Plloosoo - n(F)Lo + (14 [Pllocmoo) - Es(F)Lo
and N := |J*|. Drawing at least

m = [CK?k - n-log(n)® - log(N)]
nodes t1,...,tm “ . then, with prob. > 1 — N=7Ies(m)’

sup ||f = Ry(f(t1); -, f(tm))ll,, < Cn

£l =<1

with universal constants C, 5,7 > 0.
The approximant R, (f(t1),..., f(tm)) is contained in V.
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‘ Non-linear sampling numbers for F

Sampling widths

Corollary

O7Cnlog(n)3 log(M)] (]:)LQ
< C(Un(]:7 B)r.. + E{o,...,M}(}-)Lw)

For trigonometric polynomials improvement (due to improved RIP):

Corollary (Trigonometric system)

O[Cdlog(d+1)nlog(n)? log(M)] (]'_)L2
< C(on(F, TH + E_ v myenze(F)Lo) -

» Constant (' is universal and absolute, i.e., not depending on d
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Besov-Sobolev classes with mixed smoothness

» T . .d-torus represented by [0, 1)¢
> I; =1I; x---x I, dyadic frequency block, where Iy = {—1,0,1} and

L,={keZ : 2" ' < |k <2"}

» Sobolev spaces mixed smoothness r > 0, integrability 1 < p < oo

Wr(Td) {fEL (T%) : H( Z orlili2 Zf exp(i2k ;v)‘ )1/2

<1}
p

» Besov spaces mixed smoothness r > 0, fine index 0 < 6 < oo

7 o(TY) = {f € Ly( ( Z orlil:0 ‘ Z FUk) expli2nk-z) H )1/9 }

» r > 1/p embedding into C(T¢)
Amanov, Nikolskij, Temlyakov, Schmeisser, Triebel ...

v
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‘ Linear approximation

Hyperbolic cross projection

4

‘ » Mixed Sobolev regularity

kezd
» Hyperbolic cross projection

Py, fi= Y f(k)e™™x

keH,

» Error: ||f — Py, fllz, Sn "

‘ » Cost: m :={ grid points in H,
» Rate: m " (logm)d-1r

A

d
11w = D 1T+ [kif*)”
i=1
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‘ Nonlinear sampling recovery

Sampling recovery for Sobolev spaces ' ’

Let1<p<2andr>1%.

Q[Cd log(d+1)nlog(n)3] (W;(Td)lzz < Un(W;;a Td)Loo

log(n)d_l r—%+% 1 1_1
S(E) T gy
n

(n)d1 T—%-‘r%

_ (Sparse grids, least squares)

Compare to g (W7 (T%) L, = (log -
Worse in the logarithm if d is large!
Effect not present for isotropic spaces, see Heinrich '09
Very recent results by Feng Dai and V.N. Temlyakov

improve the bound for g, (W},(T?)., by v/logn
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‘ Nonlinear sampling recovery

Tractability

» Consequence of general Theorem: Moeller, Stasyuk, T. Ullrich 24
considered the space B;’G(Td), for2 < p<o00,0<0<1and
r=1/0—-1/2

Olcd?(10g? d)n(log® )] (B;O(Td))Lz < Cppd®/*n" log(dn)*/? (3)

» Compare with corresponding results for Gelfand widths in Dirksen, T.

Ullrich '18

n~" S en(Bf )L, $n” " (loglogn)™!
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‘ Discussion

Information complexity vs. computational cost

» Nonlinear recovery error in terms of samples is sometimes smaller by the

factor n=1/2

Good Basis pursuit denoising needs a search space A = [ M, M|?, where its size
(dimension) N = (2M + 1) enters only logarithmically in the number of
samples

m>C-K?-s-log(s)®-log(N)

Bad A matrix vector multiplication needs (2M)? flops and hence the
computational cost of the recovery algorithm increases dramatically!
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Thank you for your attention!
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‘ References

Control the quasi-projection

Let k,neN, J,J* CI and 7 > 0.

A linear operator P : Ly — Lo is called a (k,n, J, J*,7) quasi-projection if
> P(X,) CXun,
> Pf=fforall feVy,
» PfeVy forall fe Ly,
» P: Lo — Lo is well-defined and [|P|[, ., <T.

Filbir, Temistoclacis 2004: If B is the Fourier basis or an OPS, take de la
Vallée Poussin operators.
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