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H-bases iff (¥*) holds true.

The reason . ..
@ Characterization of “good bases” by commuting
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Theorem

Suppose recurrence matrices satisfy (). Then P, ne Ny, are
H-bases iff (¥*) holds true.

The reason ...

@ Characterization of “good bases” by commuting
@ Multiplication tables

M;:= (I —H,;_llHn,n—l)Ln—l,j» Lpj= Z Ca+e;Ca

lal=n
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Suppose recurrence matrices satisfy (©). Then P, ne Ny, are
H-bases iff (O*) holds true.

The reason ...
@ Characterization of “good bases” by commuting
@ Multiplication tables/Companion matrices
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lal=n
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Theorem

Suppose recurrence matrices satisfy (©). Then P, ne Ny, are
H-bases iff (O*) holds true.

The reason ...
@ Characterization of “good bases” by commuting
@ Multiplication tables/Companion matrices
M;:= (I _H,;_llHn,n—l)Ln—l,j; Lpj= Z €a+c;€a
lal=n
Q P, H-basis iff M; commute
@ Basedon f(M):=Y fMP - MP =  fM)1=f, fell,
a
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Theorem

Suppose recurrence matrices satisfy (©). Then P, ne Ny, are
H-bases iff (O*) holds true.

The reason ...
@ Characterization of “good bases” by commuting
@ Multiplication tables/Companion matrices
M;:= (I _H,;_llHn,n—l)Ln—l,j; Lpj= Z €a+c;€a
lal=n
Q P, H-basis iff Mj commute o I, =11/ (Py)
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Theorem

Suppose recurrence matrices satisfy (©). Then P, ne Ny, are
H-bases iff (O*) holds true.

The reason ...
@ Characterization of “good bases” by commuting
@ Multiplication tables/Companion matrices
M;:= (I _H,;_llHn,n—l)Ln—l,j; Lpj= Z €a+c;€a
lal=n
@ P, H-basis iff Mjcommute < common zeros
@ Basedon f(M):=Y fMP - MP =  fM)1=f, fell,
a
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|deals and zeros
Suppose that (¥) + (©*) hold:
0 I/ (Pn+l> = Hn
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Suppose that (¥) + (©*) hold:
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@ P, has r, =dimIl, common zeros:

¢, 20, Zdimo@(=rn
¢
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Ideals and zeros
Suppose that (¥) + (©*) hold:
Q 11/ (Pp1) =TI,
@ P, has r, =dimIl, common zeros:

¢, 20, Y dim2;=r,
¢

@ Recall: 2, is D-invariant space, multiplicity
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Ideals and zeros
Suppose that (¥) + (©*) hold:
Q 11/ (Pp1) =TI,
@ P, has r, =dimIl, common zeros:

¢, 20, Y dim2;=r,
¢

@ Recall: 2, is D-invariant space, multiplicity. Simple ¢: 2; = {1}
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Ideals and zeros
Suppose that (¥) + (©*) hold:
Q 11/(Py1) =1,
@ P,., has r,=dimII, common zeros:

¢, 20, Y dim2;=r,
¢

© Recall: 2, is D-invariant space, multiplicity. Simple {: 2, = {1}

Consequence
Nonsingular Vandermonde matrix

qEQ(,(

lal<n

Vo= (gD)()) )

v
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Recovery issue

f=) i, e

(eZ

from pge == f(a), a €Ny,

Prony ideal
@ Prony ideal: Hf =0, fe .7
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Back to Prony

Recovery issue

fo=) i, fe2

(eZ
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Prony ideal
@ Prony ideal: Hf =0, fe .7
@ Factorization:

H=VIDVe,  Veo:=|(gD))*)():

with D block diagonal of rank dimTIl/{(.#)

qEQ[,(
a €Ny

v
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Recovery issue

fo=) i, fe2

(eZ

from pge == f(a), a €Ny,

Prony ideal
@ Prony ideal: Hf =0, fe .7
@ Factorization:

qe Q{,(

_yT — RY:4 .
H =V, DV, Voo := [ (gD)()*) () : N

with D block diagonal of rank dimI1/(.#) — (Curto & Fialkow)
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What we got so far
Assume (Q) + (©*) and rank conditions
@ The P,., are H-bases and have r, common zeros 7,1
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What we got so far

Assume (V) + (©*) and rank conditions
@ The P,,; are H-bases and have r, common zeros Z,.,
@ Use them as exponents ¢ for Prony function

Jar1(x) = Z fn+1,((x)Cx

(€Znn
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What we got so far

Assume (V) + (©*) and rank conditions
@ The P,,; are H-bases and have r, common zeros Z,.,
@ Use them as exponents ¢ for Prony function

Jar1(x) = Z fn+1,((x)Cx

(€Znn

Q Sample: ,Un+1 = fnr1(@)
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What we got so far
Assume (©) + (V) and rank conditions

@ The P,,; are H-bases and have r, common zeros Z,,;
@ Use them as exponents ¢ for Prony function

Jar1(x) = Z fn+1,((x)Cx

(€Znn

Q Sample: ,Un+1 = fnr1(@)

Connecting the levels

fori(@ =pl, lal<n
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Assume (©) + (V) and rank conditions

@ The P,,; are H-bases and have r, common zeros Z,,;
@ Use them as exponents ¢ for Prony function

Jar1(x) = Z fn+1,((x)Cx

(€Zu
Q Sample: ,Un+1 = fnr1(@)
Connecting the levels
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What we got so far

Assume (V) + (©*) and rank conditions

@ The P,,; are H-bases and have r, common zeros Z,,;
@ Use them as exponents ¢ for Prony function

i1 =) fur 0"

(€Zu
Q Sample: ,un+1 = fnr1(@)
Connecting the levels
fann@=pg, lalsn < (ul:lal<n)=VIf,

— sequence p" of moment sequences
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What we got so far

Assume (V) + (©*) and rank conditions

@ The P,., are H-bases and have r, common zeros 7,1
@ Use them as exponents ¢ for Prony function

i1 =) fur 0"

(€Zu
© Sample: p*t = fy.1(@)
Connecting the levels
fin@=pg lalsn e (uh:lal=n) =V, fug

— sequence u" of moment sequences, u = u!, |a| < n

Tomas Sauer (UP & 1IS) Prony & Quadrature Luminy, October 2024 13/16
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Theorem
Assume (Q) + (O1) and rank conditions. Then

@ for u=limu"
Ul = g, la| <2n-1
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Theorem
Assume (Q) + (O1) and rank conditions. Then

@ for u=limu"
Ul = g, la| <2n-1

Gauss cubature
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Theorem
Assume (©) + (©*) and rank conditions. Then
@ for u=limu"
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Q i is Hankel
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Theorem
Assume (©) + (©*) and rank conditions. Then
@ for u=limu"
Ul = g, la|<2n-1
Gauss cubature
@ i is Hankel and defines cubature moments
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Assume (©) + (©*) and rank conditions. Then
@ for u=limu"
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@ H, is Hankel and defines cubature moments

Theorem Equivalences

@ uis definite and (¥*) holds
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Theorem
Assume (©) + (©*) and rank conditions. Then
@ foru=limy"
o = la, lal<2n-1

Gauss cubature
@ H’ is Hankel and defines cubature moments

Theorem Equivalences

@ s definite and (©*) holds

@ uis definite and H?, is Hankel

@ . is definite and each H,, admits a flat extension
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Theorem
Assume (Q) + (©*) and rank conditions. Then
@ foru=limy"
o = la, lal<2n-1
Gauss cubature
@ H’ is Hankel and defines cubature moments

Theorem Equivalences

@ s definite and (©*) holds

@ pis definite and H, is Hankel

@ . is definite and each H,, admits a flat extension
Q pis definite and the M; commute
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More |S True UNIVERSITAT
Theorem
Assume (Q) + (©*) and rank conditions. Then
@ foru=limy"
o = la, lal<2n-1
Gauss cubature
@ H’ is Hankel and defines cubature moments

Theorem Equivalences
@ s definite and (©*) holds
@ pis definite and H, is Hankel
@ . is definite and each H,, admits a flat extension
Q pis definite and the M; commute
@ There exists Gauss cubature

v
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Simple observation
@ H, , dependson u,, la|<2n-2.
Q H,,-1 can be decomposed

Ha+p:lal=0,|6l=n-1
Hn,n—l =

Ha+p:lal=n-1,Ipl=n-1
Lasrptlal=n,|pl=n-1
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Simple observation
@ H, , dependson u,, la|<2n-2.
Q H,,, can be decomposed
Ha+p:lal=0,|6l=n-1

Hn,n—l = :
Ma+p:lal=n—1,Ipl=n-
Lasptlal=n|pl=n-

@ Free parameter for extension of H,_;
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Simple observation
@ H, , dependson u,, la|<2n-2.
Q H,,-1 can be decomposed

Ha+p:lal=0,|6l=n-1
Hn,n—l = : (

Ma+p:lal=n—1,Ipl=n-
Lasptlal=n|pl=n-

H<n n— 1)
lu2n 1

@ Free parameter for extension of H,_;
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Simple observation

@ H, , dependson u,, la|<2n-2.
Q H,,, can be decomposed

Ha+p:lal=0,|6l=n-1

Hn,n—l = =: (H§r},n—l)

: i
Pasp:lal=n—1,1pl=n-1 Hop-1

Lasrptlal=n,|pl=n-1

@ Free parameter for extension of H,_;

Hep e
Q@ Commute (I M,;_ll( < 1))Ln_1,j
H2p1
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Simple observation
@ H, , dependson u,, la|<2n-2.
Q H,,, can be decomposed

Ha+p:lal=0,|6l=n-1
Hn,n—l = : (

Ma+p:lal=n—1,Ipl=n-
Lasptlal=n|pl=n-

H<n n— 1)
'uZIZ 1

@ Free parameter for extension of H,_;

Heppe . :
@ Commute (I M,;_ll( ;}1’” 1))Ln_1,j: quadratic equations
2n—1
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And the GauB Quadrature?
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Simple observation
@ H, , dependson u,, la|<2n-2.
Q H,,-1 can be decomposed

Ha+p:lal=0,|6l=n-1
Hn,n—l = : (

Ma+p:lal=n—1,Ipl=n-
Lasptlal=n|pl=n-

H<nn 1)
uZn 1

@ Free parameter for extension of H,_;

Hepne . .
Q@ Commute (I M,;_ll( ;}1’” 1))Ln_1,j: quadratic equations
2n—1

© Works fors=2and n=1,2
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And the GauB Quadrature?
-~

Simple observation
@ H, , dependson u,, la|<2n-2.
Q H,,-1 can be decomposed

Ha+p:lal=0,|6l=n-1
Hn,n—l = : (

Ma+p:lal=n—1,Ipl=n-
Lasptlal=n|pl=n-

H<nn 1)
uZn 1

@ Free parameter for extension of H,_;

Hepne . .
Q@ Commute (I M,;_ll( ;}1’” 1))Ln_1,j: quadratic equations
2n—1

@ Works for s=2 and n=1,2. Challenge for CAS
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