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Motivating problem
We look for u : Ω× [0,T ]→ R such that

∂2
ttu(x, t)−∆u(x, t) = f (x, t) in Ω× (0,T ],

u(x, t) = 0 on ∂Ω× (0,T ],

u(x, 0) = u0(x) in Ω,

∂tu(x, 0) = v0(x) in Ω,

Looking for a discrete approximation un(x, t) =
∑n

i=1 ui (t)Bi (x)
and using a Galerkin method leads to the semi-discrete problem

Mü(t) + Ku(t) = f(t) for t ∈ [0,T ],

u(0) = u0,

u̇(0) = v0,

where

Mij =

∫
Ω
Bi (x)Bj(x)dx, Kij =

∫
Ω
∇Bi (x) · ∇Bj(x)dx
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Motivating problem

Mü(t) + Ku(t) = f(t) for t ∈ [0,T ],

u(0) = u0,

u̇(0) = v0,

Explicit methods are very popular in engineering practice to solve
this system of ODEs.

Challenges:
I This involves computing M−1 which can be computationally

very costly.
I The largest stable time-step depends inversely on the largest

eigenvalue λn(K ,M) which can become quite large.

Standard solutions:
I Mass lumping: Replace M by some approximation M̃ that is

easy to invert (classical choice: diagonal row-sum).
I Mass scaling: Ensure that the largest eigenvalue λn(K , M̃) is

“small” (typical choice: ad-hoc modification of the diagonal
row-sum).

Requirement: Smallest eigenvalues must not change!
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Overview

Minimizing λn(K ,M)

Mass lumping in Isogeometric Analysis

Minimizing λn(K , M̃)
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Spline spaces

Knot vector Ξ:

0 = ξ0 < ξ1 < · · · < ξN < ξN+1 = 1,

Ij := [ξj , ξj+1), j = 0, . . . ,N − 2, IN := [ξN−1, 1]

h := max
0≤j≤N−1

(ξj+1 − ξj)

Spline space of degree p and smoothness k :

Skp,Ξ := {s ∈ C k [0, 1] : s|Ij ∈ Pp, j = 0, 1, . . . ,N − 1}

Maximal smoothness:
Sp,Ξ := Sp−1

p,Ξ

Norm:
‖ · ‖: L2-norm
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Isogeometric Analysis

I Mapped (tensor-product) splines.

I In general the domain is divided into several patches, each
described by a geometric mapping Fi .

Due to the (local) tensor-product structure, we will first consider
1D.
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Eigenvalue problem

The eigenvalues λj(K ,M) approximate the eigenvalues λj(−∆)
and (for a conforming method) the best we could hope for is

λn(K ,M) ≈ λn(−∆).

Define

I ωj := λj(−∆)1/2

I ωh,j := λj(K ,M)1/2
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I p − k branches

I only a single branch approximates the true spectrum

I maximal smoothness (k = p − 1) no spurious branches

See [Cottrell et al. 2006], [Hughes et al. 2008], [Garoni et al. 2019]...
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Outliers

....however there is a problem for large j .

Figure: Relative error (
ωh,j−ωj

ωj
) in the case k = p − 1 and n = 200.

See [Cottrell et al. 2006], [Hughes et al. 2008], [Hughes et al. 2014],
[Gallistl et al. 2017] [Chan and Evans 2018] etc.
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Kolmogorov n-widths

I For a class of functions A ⊂ L2 and an n-dimensional
subspace Xn ⊂ L2, let

E (A,Xn) = sup
u∈A
‖u − Πnu‖,

where Πn is the L2 projection onto Xn.

I The Kolmogorov n-width of A is

dn(A) = inf
Xn

E (A,Xn).

I The subspace Xn is called an optimal subspace for A if

dn(A) = E (A,Xn).
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Kolmogorov n-widths

dn(A)

Xn

E (A,Xn)
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Kolmogorov n-width

If Ar = {u ∈ H r (0, 1) : ‖u(r)‖ ≤ 1},

then for all u ∈ H r

‖u − Πnu‖ ≤ C‖u(r)‖,

where C = E (Ar ,Xn) is the smallest possible constant for the
space Xn.

If Xn is optimal then C = dn(Ar ), the least possible constant over
all n-dimensional subspaces.

Note that the constant C = dn(Ar ) can also be achieved for other
projections than Πn (for example for Ritz projections).
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Optimal spaces

I Kolmogorov (1936) showed that the first n eigenfunctions of
(−1)r∆r (with the proper B.C.) span an optimal space for Ar .

I For a special non-uniform Ξ there exist optimal spline spaces
of degrees p = r − 1, 2r − 1, 3r − 1, . . .. [Melkman and
Micchelli 1978, Floater and S. 2017]

I For uniform Ξ we have [Bressan, Floater and S. 2020]:

E (Ar ,Sp,τ )

dn(Ar )
≤

(
1

(n−p)π

)r
(

1
nπ

)r =

(
1

1− p
n

)r

−−−→
n→∞

1, ∀p ≥ r−1.

I The above limit is not 1 for C 0 (FEM/SEM) or C−1 (DG)
[Bressan and S. 2019].
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Example: Other boundary conditions
Define

Ar
0 := {u ∈ H r : ‖u(r)‖ ≤ 1, u(α)(0) = u(α)(1) = 0, 0 ≤ α < r , α even},

Ar
1 := {u ∈ H r : ‖u(r)‖ ≤ 1, u(α)(0) = u(α)(1) = 0, 0 ≤ α < r , α odd}.

Then

dn(Ar
0) =

1

(n + 1)rπr
, dn(Ar

1) =
1

(nπ)r
,

and the classical optimal spaces are

Tn,0 = span{sin(πx), sin(2πx), . . . , sin(nπx)},
Tn,1 = span{1, cos(πx), cos(2πx), . . . , cos((n − 1)πx)}.

The optimal spline spaces are [Floater and S. 2019]

Sp,n,0 := {s ∈ Sp,τ0 : s(α)(0) = s(α)(1) = 0, 0 ≤ α ≤ p, α even},
Sp,n,1 := {s ∈ Sp,τ1 : s(α)(0) = s(α)(1) = 0, 0 ≤ α ≤ p, α odd}
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Even derivatives
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Figure: Basis functions for Sp,n,0 of degree p = 0, 1, 2, 3 for n = 4.
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Odd derivatives
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Figure: Basis functions for Sp,n,1 of degree p = 0, 1, 2, 3 for n = 5.
Similar to the ‘reduced spline spaces’ in [Takacs and Takacs 2016] 16 / 28



Optimal spline spaces solve the outlier problem

Solve Kuj = ω2
h,jMuj in Sp,n,0, then we have shown that

ωj ≤ ωh,j ≤
ωj

1−
(

ωj

ωn+1

)p+1
,

Main ingredients of the proof:

I Sp,n,0 is optimal for Ar
0.

I The Ritz projection onto Sp,n,0 also achieves the n-width.

I Use the min-max formulation of the eigenvalues as in [Strang
and Fix 1973].

Explicit estimates for ‖uj − uh,j‖ and ‖∂(uj − uh,j)‖ now follows
from the theory in [Strang and Fix 1973].

The argument also covers the tensor-product case and the
biharmonic/polyharmonic case [Manni, S., Speleers 2023].
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Eigenvalue problem in higher dimensions
Consider the eigenvalue problem

a(uj , v) = ω2
j (uj , v) ∀v ∈ H1

0 (Ω), (1)

I Let n := dimSk
p,Ξ with uniform Ξ.

Theorem (Voet, S. and Buffa)

For all 0 ≤ k ≤ p − 1 and any j = 1, . . . , n we have

‖uj − Pk
puj‖L2

‖uj‖L2

≤ CPDECGeo

CSpline
p,k,1

n
ωj .

Theorem (Voet, S. and Buffa)

For all 0 ≤ k ≤ p − 1 and any j = 1, . . . , n such that uj is smooth
we have

‖uj − Pk
puj‖L2

‖uj‖L2

≤ CPDECGeoC
Spline
p,k,p+1

(
1

n

)p+1

ωp+1
j ,

18 / 28



Eigenvalue problem in higher dimensions
Consider the eigenvalue problem

a(uj , v) = ω2
j (uj , v) ∀v ∈ H1

0 (Ω), (1)

I Let n := dimSk
p,Ξ with uniform Ξ.

Theorem (Voet, S. and Buffa)

For all 0 ≤ k ≤ p − 1 and any j = 1, . . . , n we have

‖uj − Pk
puj‖L2

‖uj‖L2

≤ CPDECGeo

CSpline
p,k,1

n
ωj .

Theorem (Voet, S. and Buffa)

For all 0 ≤ k ≤ p − 1 and any j = 1, . . . , n such that uj is smooth
we have

‖uj − Pk
puj‖L2

‖uj‖L2

≤ CPDECGeoC
Spline
p,k,p+1

(
1

n

)p+1

ωp+1
j ,

18 / 28



Eigenvalue problem in higher dimensions
Consider the eigenvalue problem

a(uj , v) = ω2
j (uj , v) ∀v ∈ H1

0 (Ω), (1)

I Let n := dimSk
p,Ξ with uniform Ξ.

Theorem (Voet, S. and Buffa)

For all 0 ≤ k ≤ p − 1 and any j = 1, . . . , n we have

‖uj − Pk
puj‖L2

‖uj‖L2

≤ CPDECGeo

CSpline
p,k,1

n
ωj .

Theorem (Voet, S. and Buffa)

For all 0 ≤ k ≤ p − 1 and any j = 1, . . . , n such that uj is smooth
we have

‖uj − Pk
puj‖L2

‖uj‖L2

≤ CPDECGeoC
Spline
p,k,p+1

(
1

n

)p+1

ωp+1
j ,
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Spline approximation constant
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Figure: Numerical values of CSpline
p,k,r for r = p + 1 and different choices of

p ≥ 1 and −1 ≤ k ≤ p − 1, see [S., Manni, Speleers 2020].
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Mass lumping: Going beyond the diagonal row-sum

I For tensor-product FEM, the spectral element method obtains
diagonal lumped matrices with high order of convergence
[Komatitsch and Vilotte 1998].

I In IGA, using B-splines with together with their dual basis is
proposed in [Anitescu et al. 2019], however it has many
drawbacks.

I In [Voet, S. and Buffa 2023] we use different block-wise
lumping strategies to obtain several lumped mass matrices.
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Mass lumping in 1D
Let

M = Di + Ri

I Di : all super and sub-diagonals with distance from the
diagonal smaller than i .

I Ri : remainder.

Our lumped mass matrices:

Pi = Di + L(Ri ), i = 1, . . . , n

I L: diagonal row-sum.

I P1 = L(M).

We have shown that

λk(K ,P1) ≤ · · · ≤ λk(K ,Pn) = λk(K ,M), ∀k = 1, 2, . . . , n.
(2)
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Example: Laplacian in 1D
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Figure: Comparison of Λ(K ,M) and Λ(K ,Pi ) for
i = 1, 2, 3 and p = 3 22 / 28



Mass lumping in higher dimensions: Strategy 1
<latexit sha1_base64="mlVIYKP2/U5P2uZLXaxttoBXoo8=">AAAB8nicbVDLSsNAFL2prxpfVZdugkVwVRLBx0YsdeOygn1AGspkOmmHTmbCzEQooZ/hxoUi3fof7t2If+Ok7UJbD1w4nHMv99wbJowq7brfVmFldW19o7hpb23v7O6V9g+aSqQSkwYWTMh2iBRhlJOGppqRdiIJikNGWuHwNvdbj0QqKviDHiUkiFGf04hipI3kd2KkBxixrDbulspuxZ3CWSbenJRvPuzrZPJl17ulz05P4DQmXGOGlPI9N9FBhqSmmJGx3UkVSRAeoj7xDeUoJirIppHHzolRek4kpCmunan6eyJDsVKjODSdeUS16OXif56f6ugqyChPUk04ni2KUuZo4eT3Oz0qCdZsZAjCkpqsDh4gibA2X7LNE7zFk5dJ86ziXVTO791ytQYzFOEIjuEUPLiEKtxBHRqAQcATvMCrpa1n682azFoL1nzmEP7Aev8B1JqUnw==</latexit>B

<latexit sha1_base64="xcWC60YHOzL1/mg04JPPkHd3Xvw=">AAAB9HicbVDLSgMxFL1TX7W+qoIbN8EiuCozharLUjcuW7APaIeSSTNtaCYzJplCGfodblwo4lK/wi9w58ZvMdN2oa0HAodz7uWeHC/iTGnb/rIya+sbm1vZ7dzO7t7+Qf7wqKnCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3ST+q0xlYqF4k5PIuoGeCCYzwjWRnK7AdZDgnlSm/ZKvXzBLtozoFXiLEihclL/Zm/Vj1ov/9nthyQOqNCEY6U6jh1pN8FSM8LpNNeNFY0wGeEB7RgqcECVm8xCT9G5UfrID6V5QqOZ+nsjwYFSk8Azk2lIteyl4n9eJ9b+tZswEcWaCjI/5Mcc6RClDaA+k5RoPjEEE8lMVkSGWGKiTU85U4Kz/OVV0iwVnctiuW7aqMIcWTiFM7gAB66gArdQgwYQuIcHeIJna2w9Wi/W63w0Yy12juEPrPcfmCGVsg==</latexit>P2

<latexit sha1_base64="umllN9OO+sXZRuvJwkLO1CQ3XrM=">AAAB9HicbVDLSgMxFL1TX7W+qoIbN8EiuCozBR/LUl24bME+oB1KJs20oZnMmGQKZeh3uHGhiEv9Cr/AnRu/xUzbhbYeCBzOuZd7cryIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veF16jdHVCoWijs9jqgb4L5gPiNYG8ntBFgPCObJzaRb6uYLdtGeAi0TZ04K5aPaN3urfFS7+c9OLyRxQIUmHCvVduxIuwmWmhFOJ7lOrGiEyRD3adtQgQOq3GQaeoJOjdJDfijNExpN1d8bCQ6UGgeemUxDqkUvFf/z2rH2r9yEiSjWVJDZIT/mSIcobQD1mKRE87EhmEhmsiIywBITbXrKmRKcxS8vk0ap6FwUz2umjQrMkIVjOIEzcOASynALVagDgXt4gCd4tkbWo/Vivc5GM9Z85xD+wHr/AYXNlaY=</latexit>D2

<latexit sha1_base64="umllN9OO+sXZRuvJwkLO1CQ3XrM=">AAAB9HicbVDLSgMxFL1TX7W+qoIbN8EiuCozBR/LUl24bME+oB1KJs20oZnMmGQKZeh3uHGhiEv9Cr/AnRu/xUzbhbYeCBzOuZd7cryIM6Vt+8vKrKyurW9kN3Nb2zu7e/n9g4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veF16jdHVCoWijs9jqgb4L5gPiNYG8ntBFgPCObJzaRb6uYLdtGeAi0TZ04K5aPaN3urfFS7+c9OLyRxQIUmHCvVduxIuwmWmhFOJ7lOrGiEyRD3adtQgQOq3GQaeoJOjdJDfijNExpN1d8bCQ6UGgeemUxDqkUvFf/z2rH2r9yEiSjWVJDZIT/mSIcobQD1mKRE87EhmEhmsiIywBITbXrKmRKcxS8vk0ap6FwUz2umjQrMkIVjOIEzcOASynALVagDgXt4gCd4tkbWo/Vivc5GM9Z85xD+wHr/AYXNlaY=</latexit>D2

<latexit sha1_base64="q0SiKSBoOi8yb5zHkDGVUsNBido=">AAAB9HicbVDLSgMxFL1TX7W+qoIbN8EiuCozBR/LUjcuW7EPaIeSSTNtaCYzJplCGfodblwo4lK/wi9w58ZvMdN2oa0HAodz7uWeHC/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3id+s0RlYqF4k6PI+oGuC+YzwjWRnI7AdYDgnlyO+mWuvmCXbSnQMvEmZNC+aj2zd4qH9Vu/rPTC0kcUKEJx0q1HTvSboKlZoTTSa4TKxphMsR92jZU4IAqN5mGnqBTo/SQH0rzhEZT9fdGggOlxoFnJtOQatFLxf+8dqz9KzdhIoo1FWR2yI850iFKG0A9JinRfGwIJpKZrIgMsMREm55ypgRn8cvLpFEqOhfF85ppowIzZOEYTuAMHLiEMtxAFepA4B4e4AmerZH1aL1Yr7PRjDXfOYQ/sN5/AJsvlbQ=</latexit>R2

<latexit sha1_base64="CqWWnBBwTSGFQXIFEcnzOm/ywNA=">AAACA3icbZDLSsNAFIYn9VbrLepON0OLUBFKUvCyLLpx4aKKvUATwmQ6aYdOLsxMhBACbnwDn8GNC0Xc+hLu+jZO2iJa/WHg4z/nMOf8bsSokIYx1goLi0vLK8XV0tr6xuaWvr3TFmHMMWnhkIW86yJBGA1IS1LJSDfiBPkuIx13dJHXO3eECxoGtzKJiO2jQUA9ipFUlqPvWT6SQ4xYepVVv/kmc+qHjl4xasZE8C+YM6g0ytbR47iRNB390+qHOPZJIDFDQvRMI5J2irikmJGsZMWCRAiP0ID0FAbIJ8JOJzdk8EA5feiFXL1Awon7cyJFvhCJ76rOfEsxX8vN/2q9WHpndkqDKJYkwNOPvJhBGcI8ENinnGDJEgUIc6p2hXiIOMJSxVZSIZjzJ/+Fdr1mntSOr1Ua52CqItgHZVAFJjgFDXAJmqAFMLgHT+AFvGoP2rP2pr1PWwvabGYX/JL28QXWVZqg</latexit>L(R2)

<latexit sha1_base64="G3GB/RcM6LzgPVEKuvKZiArCBrg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUSDHrxmIBZIBlCT6cmadOz0N0jhJAn8OJBEa/6MN69iG9jZzlo4g8NH/9fRVeVnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/epzX71EqHke3epCgF9JuxAPOqDZWpdjO5Z2CMxFZBHcG+csPu5i8f9nldu6z1YlZGmKkmaBKNV0n0d6QSs2ZwJHdShUmlPVpF5sGIxqi8oaTQUfkyDgdEsTSvEiTifu7Y0hDpQahbypDqntqPhub/2XNVAcX3pBHSaoxYtOPglQQHZPx1qTDJTItBgYok9zMSliPSsq0uY1tjuDOr7wItZOCe1Y4rTj50hVMlYUDOIRjcOEcSnADZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/75SQCA==</latexit>=

<latexit sha1_base64="G3GB/RcM6LzgPVEKuvKZiArCBrg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUSDHrxmIBZIBlCT6cmadOz0N0jhJAn8OJBEa/6MN69iG9jZzlo4g8NH/9fRVeVnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/epzX71EqHke3epCgF9JuxAPOqDZWpdjO5Z2CMxFZBHcG+csPu5i8f9nldu6z1YlZGmKkmaBKNV0n0d6QSs2ZwJHdShUmlPVpF5sGIxqi8oaTQUfkyDgdEsTSvEiTifu7Y0hDpQahbypDqntqPhub/2XNVAcX3pBHSaoxYtOPglQQHZPx1qTDJTItBgYok9zMSliPSsq0uY1tjuDOr7wItZOCe1Y4rTj50hVMlYUDOIRjcOEcSnADZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/75SQCA==</latexit>=
<latexit sha1_base64="7EvMDgzg0ZlOr725cipidS/H3Mg=">AAAB6HicbVDJSgNBEK2JWxK3qEcvjUEQhDAjuByDXjwmYBZMhtDTqUna9Cx094hhyBd48aBIrv6A/+LNr9FO4kETHxQ83quiqp4XC660bX9amaXlldW1bC6/vrG5tV3Y2a2rKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uBq4jfuUSoehTd6GKMb0F7Ifc6oNlL1uFMo2iV7CrJInB9SLOfi8e37w1elU/hodyOWBBhqJqhSLceOtZtSqTkTOMq3E4UxZQPaw5ahIQ1Quen00BE5NEqX+JE0FWoyVX9PpDRQahh4pjOguq/mvYn4n9dKtH/hpjyME40hmy3yE0F0RCZfky6XyLQYGkKZ5OZWwvpUUqZNNnkTgjP/8iKpn5Scs9Jp1aRxCTNkYR8O4AgcOIcyXEMFasAA4RGe4cW6s56sV2s8a81YPzN78AfW2zeT+JCH</latexit>

+

<latexit sha1_base64="7EvMDgzg0ZlOr725cipidS/H3Mg=">AAAB6HicbVDJSgNBEK2JWxK3qEcvjUEQhDAjuByDXjwmYBZMhtDTqUna9Cx094hhyBd48aBIrv6A/+LNr9FO4kETHxQ83quiqp4XC660bX9amaXlldW1bC6/vrG5tV3Y2a2rKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uBq4jfuUSoehTd6GKMb0F7Ifc6oNlL1uFMo2iV7CrJInB9SLOfi8e37w1elU/hodyOWBBhqJqhSLceOtZtSqTkTOMq3E4UxZQPaw5ahIQ1Quen00BE5NEqX+JE0FWoyVX9PpDRQahh4pjOguq/mvYn4n9dKtH/hpjyME40hmy3yE0F0RCZfky6XyLQYGkKZ5OZWwvpUUqZNNnkTgjP/8iKpn5Scs9Jp1aRxCTNkYR8O4AgcOIcyXEMFasAA4RGe4cW6s56sV2s8a81YPzN78AfW2zeT+JCH</latexit>

+

Figure: Example: Block tridiagonal matrix P2 constructed from a block
septadiagonal matrix B

Pi : Lumps all super and sub blocks with block-distance ≥ i from
the block-diagonal. 23 / 28



Mass scaling
We propose a classical deflation technique going back to [Hotelling
1943].

<latexit sha1_base64="gVMwCZo1zUyd4AOM613rxaGNH/k=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKbixJEXVZdOOygn1AG8JkMm2HTiZhZiLU0C9x40IRt36KO//GaZuFth4YOJxzLvfOCRLOlHacb6uwtr6xuVXcLu3s7u2X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M7zxSqVgsHvQkoV6Eh4INGMHaSL5drva5SYfYz8S5nFZ9u+LUnDnQKnFzUoEcTd/+6ocxSSMqNOFYqZ7rJNrLsNSMcDot9VNFE0zGeEh7hgocUeVl88On6NQoIRrE0jyh0Vz9PZHhSKlJFJhkhPVILXsz8T+vl+rBtZcxkaSaCrJYNEg50jGatYBCJinRfGIIJpKZWxEZYYmJNl2VTAnu8pdXSbtecy9rF/f1SuMmr6MIx3ACZ+DCFTTgDprQAgIpPMMrvFlP1ov1bn0sogUrnzmCP7A+fwAI7pKx</latexit>

�n�r

<latexit sha1_base64="cfYbczkW8+VAewbzDY5/3i1wtKo=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiewSox6JXjxiIkgCG9LtdqGh265tl4Rs+B1ePGiMV3+MN/+NBfag4CRNJjPz8l4nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5kqQltEcqk6AdaUM0FbhhlOO4miOA44fQxGtzP/cUyVZlI8mElC/RgPBIsYwcZKfrXHbTbE/UxMq/1yxa25c6BV4uWkAjma/fJXL5QkjakwhGOtu56bGD/DyjDC6bTUSzVNMBnhAe1aKnBMtZ/Nj56iM6uEKJLKPmHQXP09keFY60kc2GSMzVAvezPxP6+bmujaz5hIUkMFWSyKUo6MRLMGUMgUJYZPLMFEMXsrIkOsMDG2p5ItwVv+8ipp12veZe3ivl5p3OR1FOEETuEcPLiCBtxBE1pA4Ame4RXenLHz4rw7H4towclnjuEPnM8fTGiRzQ==</latexit>

�n

<latexit sha1_base64="Yv2+K8dtWdZv3+QpHRVoGnCX3ug=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4kewSox6JXjxi4gIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxkleVF6raL1ecmjMHXiVuTiqQo9kvf/UGMU0jJg0VROuu6yTGz4gynAo2LfVSzRJCx2TIupZKEjHtZ/Njp/jMKgMcxsqWNHiu/p7ISKT1JApsZ0TMSC97M/E/r5ua8MbPuExSwyRdLApTgU2MZ5/jAVeMGjGxhFDF7a2Yjogi1Nh8SjYEd/nlVdKq19yr2uVDvdK4zeMowgmcwjm4cA0NuIcmeECBwzO8whuS6AW9o49FawHlM8fwB+jzB83bjgg=</latexit>n � r <latexit sha1_base64="vVZD0VQrOTRQr3xbPtYG/jiVwzA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2VV7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6RZrXiXlYv7aql2k8WRhxM4hXPw4ApqcAd1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx+RDo1V</latexit>n

Figure: Truncation of the largest eigenvalues

It requires computing the last r eigenvalues λj(K ,Pi ),
j = n − r + 1, . . . n and their corresponding eigenfunctions. Using
Lanczos method has essentially the same computational cost as
time-stepping forward.
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Mass scaling
We propose a classical deflation technique going back to [Hotelling
1943].

<latexit sha1_base64="gVMwCZo1zUyd4AOM613rxaGNH/k=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKbixJEXVZdOOygn1AG8JkMm2HTiZhZiLU0C9x40IRt36KO//GaZuFth4YOJxzLvfOCRLOlHacb6uwtr6xuVXcLu3s7u2X7YPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M7zxSqVgsHvQkoV6Eh4INGMHaSL5drva5SYfYz8S5nFZ9u+LUnDnQKnFzUoEcTd/+6ocxSSMqNOFYqZ7rJNrLsNSMcDot9VNFE0zGeEh7hgocUeVl88On6NQoIRrE0jyh0Vz9PZHhSKlJFJhkhPVILXsz8T+vl+rBtZcxkaSaCrJYNEg50jGatYBCJinRfGIIJpKZWxEZYYmJNl2VTAnu8pdXSbtecy9rF/f1SuMmr6MIx3ACZ+DCFTTgDprQAgIpPMMrvFlP1ov1bn0sogUrnzmCP7A+fwAI7pKx</latexit>

�n�r

<latexit sha1_base64="cfYbczkW8+VAewbzDY5/3i1wtKo=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiewSox6JXjxiIkgCG9LtdqGh265tl4Rs+B1ePGiMV3+MN/+NBfag4CRNJjPz8l4nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5kqQltEcqk6AdaUM0FbhhlOO4miOA44fQxGtzP/cUyVZlI8mElC/RgPBIsYwcZKfrXHbTbE/UxMq/1yxa25c6BV4uWkAjma/fJXL5QkjakwhGOtu56bGD/DyjDC6bTUSzVNMBnhAe1aKnBMtZ/Nj56iM6uEKJLKPmHQXP09keFY60kc2GSMzVAvezPxP6+bmujaz5hIUkMFWSyKUo6MRLMGUMgUJYZPLMFEMXsrIkOsMDG2p5ItwVv+8ipp12veZe3ivl5p3OR1FOEETuEcPLiCBtxBE1pA4Ame4RXenLHz4rw7H4towclnjuEPnM8fTGiRzQ==</latexit>

�n

<latexit sha1_base64="Yv2+K8dtWdZv3+QpHRVoGnCX3ug=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4kewSox6JXjxi4gIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxkleVF6raL1ecmjMHXiVuTiqQo9kvf/UGMU0jJg0VROuu6yTGz4gynAo2LfVSzRJCx2TIupZKEjHtZ/Njp/jMKgMcxsqWNHiu/p7ISKT1JApsZ0TMSC97M/E/r5ua8MbPuExSwyRdLApTgU2MZ5/jAVeMGjGxhFDF7a2Yjogi1Nh8SjYEd/nlVdKq19yr2uVDvdK4zeMowgmcwjm4cA0NuIcmeECBwzO8whuS6AW9o49FawHlM8fwB+jzB83bjgg=</latexit>n � r <latexit sha1_base64="vVZD0VQrOTRQr3xbPtYG/jiVwzA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrvEqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD2VV7hVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn81Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvub9IXmDOXYEsq0sLcSNqSaMrTpFGwI3vLLq6RZrXiXlYv7aql2k8WRhxM4hXPw4ApqcAd1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx+RDo1V</latexit>n

Figure: Truncation of the largest eigenvalues

It requires computing the last r eigenvalues λj(K ,Pi ),
j = n − r + 1, . . . n and their corresponding eigenfunctions. Using
Lanczos method has essentially the same computational cost as
time-stepping forward.
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Example: Laplacian on trimmed domain
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Figure: Shifted and rotated square
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Example: Laplacian on trimmed domain for p = 3
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It was observed in [Leidinger 2020] that the diagonal row-sum lumping
strategy does not need to be mass scaled when trimming. However, there
are outliers among the lowest eigenvalues.
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Conclusion

I We have related the outlier problem in Isogeometric Analysis
to the n-width problem and explained why smooth splines
provide a good approximation of a large part of the spectrum
of a differential operator.

I We have generalized the classical diagonal row-sum mass
lumping strategy for use in Isogeometric Analysis.

I Due to the relatively small amount of outlier-frequencies when
using maximally smooth splines we have seen that a classical
deflation technique works very well in this case.
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Thank you for your attention!
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