MOCCA: A Fast Algorithm for Parallel MRI
Reconstruction Using Model Based Coil Calibration

Gerlind Plonka

University of Goéttingen

SIGMA, Luminy

October 28 - November 1, 2024

l.l==== CRC 1456
L I B |

MATHEMATICS

L] . |
B _EEEEE OF EXPERIMENT
EEEEEE

Gerlind Plonka (University of Géttingen) Parallel MRI, MOCCA Luminy 2024

1/25



Outline

The parallel Magnetic Resonance Imaging (MRI) model
Overview of reconstruction methods

Modelling of coil sensitivities

Reconstruction from incomplete k-space measurements

Numerical examples

Summary

Joint work with Yannick Riebe

DFG project in the CRC 1456 together with Martin Uecker (TU Graz)

Gerlind Plonka (University of Géttingen) Parallel MRI, MOCCA Luminy 2024 2/25



Reconstruction problem in parallel MRI

Given: (incomplete) discrete measurements for N, receiver channels

Q

forueAN::{—%,...,%—1}x{—%,...,%—l}, j=0,...,N.—1.

m  magnetization image (complex)

sU)  complex valued sensitivity profiles
of the N, individual coils

nU)  noise term

Q bounded area of interest,

here Q2 = [—%, %]2

(Mardani et al. (2016))
Wanted: m and sU), j=0,..., N. — 1.
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Fully sampled coil images after inverse Fourier transform

Test data of the data set brain_8ch in the ESPIRIT toolbox.
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Overview of reconstruction methods (incomplete)

@ Given sensitivities:
SENSE (PruESSMANN ET AL. "99))

@ Approximation of unacquired data using calibration data:
SMASH (JAKOB ET AL. ’98, HEIDEMANN ET AL. "01),
GRAPPA (GriswoLp ET AL. '02),
SPIRIT (Lusric ET AL. 10)

@ Subspace methods using calibration data:
ESPIRIT (Urcker ET AL. '14)
PISCO ( Logos ET AL "24)

@ Low rank matrix completion (no calibration):
SAKE (SHIN ET AL. '14),
ALOHA (Jiv ET AL. ’15),
LORAKS (HALDAR ET AL. ’14)

@ Nonlinear optimization problem (no calibration):
NLINV (Ukcker ET aL. °08), KEELING ET AL '12, ALLISON ET AL. ’13,
BARISTA (MuckLEY ET AL. ’15),
ENLIVE (HormE ET AL. ’19)
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Discrete model

Discrete model: y0) = (y9),cr, = F(mos®)  j=0,...,N.—1

where F = Fpe = (W) v.neny, M = (Mn)neny, sU) .= (s(f)(n)),,e/\,v.
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Discrete model

Discrete model: yU) = ( J)),,e/\,v =F(most)) j=0,...,N —1

where F = Fpz := (WK™)w.ney, M = (Mp)neny. sU) .= (s(j)(n)),,e,\,v.

Problem

Reconstruct m := (m,),cp, and sU) := (s0)(n)),en, from undersampled data

PyU):P]—'(mos(f)) j=0,....,N.—1

where P chooses only the acquired locations in k-space.
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MOCCA (Model based coil calibration) [PLonkA & RIEBE '24]

Given incomplete measurements:
Py = PF(mosY), j=0,... N.—1

Auto calibration signal (ACS) region Ay C Ap C Ay

lllustration of the grid Ay (N = 100), the ACS region and the grid of incomplete
measurements outside (here each fourth column)
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MOCCA: Modelling sensitivities as trigonometric polynomials

Let A :i={—n,....,n} x{—=n,...;n}, L=2n+1 < N.

Model for sU) = (Sn JneAy®

s9) .= D S j=0,...,Ne.—1,
reN;p

where n-r = ki + ko, cﬁj) e C.

Matrix form: sU) .= (s,(,J)),,e/\ =Fn.L c, j=0,...,N.—1,

where ]'—N,L = (wﬁn)nel\m,rE/\L and C(j) = (CS ))fE/\L S CL2
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Generalized model and ambiguities

The coil sensitivity model can be generalized to

s =g =7 > wy™ =0, Ne—1, €A,
reN;p

where 7, # 0 does not depend on j. Then,
yD = FmosW) = F(mo~toyosl)) = F(inosh))
i ()
in §

with ~ := ('Yn)ne/\N '771 = (7;1)"6/\N'

solution (m, (s(f))]’-vzco_l) = many solutions (M, (8 '))JI-V:CO_1
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Ambiguities and the sum-of-squares condition
Many recovery algorithms approximate the unacquired data y( 7) from the
acquired data in a first step and apply

Nc—l . 1
mp=( > . |yn %)2, nc Ay, (ground truth)
J:

() ()

Taking 357 := vy sy’ and m, = A/inm,, with with

Ne—=1 Ne—1 .
sign(mn) (5 s9P2)72 ne Ay, ) 1sY2 >0,
J= J=

Yn =
0 otherwise,
Then
N.—1 ()2 . Ne.—1 G 1
Z 371°=1 fory, #0 and #, = ( Z |y,, 1?)2.
j=0
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MOCCA (Model based coil calibration)
Given: yU) = (y,g)),,e/\,v =F(mosY),  j=0,...,N.— 1.

Step 1: Reconstruction of sU) = ?N,L c)
We have  yU) := Fly0) = mosU) = mo (Fpy V)

and
JV,(J) ost) =g 65U o m=sW) o 5,(1’)
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MOCCA (Model based coil calibration)

Given: yU) = (y,g)),,e/\,v = F(mosW), j=0,...,N.— 1.

Step 1: Reconstruction of sU) = .TN,L c)

We have y(l) = f_ly(l) = mo s(J) = mo (?N,LCU))

and
yW) 05U = sl) 650" o m = st o yU")
Then
Yo (Z sU)) = (Z 5,(1/)) o)
J'#J J'#i
i.e.,

(¥ o Tl Z ciy - (Z yUi o Fni c) =o.
J'#i J'#i

Gerlind Plonka (University of Géttingen) Parallel MRI, MOCCA Luminy 2024 11/25



MOCCA: Reconstruction of sU) from the calibration area
Multiplying this equation with the 2D-Fourier matrix F we obtain

c\)
. (i == . (Y = '
[—]:dlag(z yU ))}—N,L, fdlag(y(f)) Fuil s el | = 0
s =g
i j j 2.2
Hence, with Y9, = 69, .\ Juenpren, € C¥5E,
i ¢ 0 0 0 -
_(g% YO YR, v, L v,
} ‘ ! 1 ©
YSV,)L -X YSV,)L) YEV?L ng,)L c(l)
01 c
YiL AR O DR 6/ IS e, @ | _q
02 :
) s : c(Nc'*l)
Ne—1 Ne—1 Ne—1 ¢
st’L ) o Y5V’L ) YEV,L ) —( Z YSV,)L)
- 0#Ne—1 ]

i.e., reducing from N to M
Ay ic=0 with Ay, € CNeM?xNeL?
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MOCCA: Reconstruction from incomplete measurements

Step 1: Reconstruction of sU) from data in the calibration region:

@ Build Ay from the k-space data in the calibration region,
compute cY) by solving Ay,c=0.
o Compute sU) = Fp ; cU).
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MOCCA: Reconstruction from incomplete measurements

Step 1: Reconstruction of sU) from data in the calibration region:
@ Build Ay from the k-space data in the calibration region,
compute cY) by solving Ay,c=0.
o Compute sU) = Fp ; cU).

Normalize the sensitivities:

Ne—1__
o Compute d = (dy)nep, == > st os).
j=0
o &l Lol Vet 20
o Define  §U) :=(d")z osU), such that Y [3’[2 =1, n € Ap.
j=0

Then,

Gerlind Plonka (University of Géttingen) Parallel MRI, MOCCA Luminy 2024 13 /25



MOCCA: Reconstruction from incomplete measurements
Step 2: Reconstruction of m.
Solve
Ne—1 _ .
= argmin [ Y |[Py®) — (PFEDom)|3).
meCch? \ j=0
We obtain the linear system

. ] Ne—1 . .
(GW))* G(J))ﬁq - 'Zo (GW)* pyl).
J:

Nc—1
(%

with GU) := P Fdiag(sV)).
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MOCCA: Reconstruction from incomplete measurements

Step 2: Reconstruction of m.
Solve

Ne—1 , .

M = argmin < > |Py®) —(PF(EVo m)||%> .
meCN? J=0

We obtain the linear system
Ne— - . .

(S (6V) 6v)im = z (G0) Py,

j=0 j=0

with GU) := P Fdiag(3V).

Regularization:

(1+ 5 (60) 60} = "5 (60) Pyt
j=0

Jj=0

with 3 > 0. However, for 8 > 0 an exact reconstruction is not longer

Ne—1 . .
obtained, even if the original matrix Y. (GU))* GU) is positive definite.

j=0
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Algorithm for reconstruction from incomplete measurements

Input: PyY) j=0,..., N, — 1.
L <M < N (size of index sets)

@ Build Ay, from calibration data and solve Ay ;€ = 0. Extract cW,
@ Compute sV) = ?MLCU), j=0,...,N.—1, and d*.
© Normalization: For j = 0 : N, — 1 compute §0) := (d*)2 o s1),

@ Solve the equation system

Ne.—1 N.—1
(5 1+ > (G(J))*GU)) =3 (GU) Pyl
j=0 j=0

with GU) := PF§0) and 5 > 0.
@ Compute i = sign(m) o m and §U) = sign(m) o§V), j=0,..., N, — 1.

Output: m, g0,
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Reconstruction from incomplete measurements

Theorem (Plonka & Riebe (2024))

Let the incomplete measurement vectors PyY) for j=0,...,Ne — 1, be
given, where the index set \p of acquired measurements contains the
calibration region, i.e., Njp C Ap C Ay. Let the model assumptions for
m and sY) be satisfied and suppose that:

@ The matrix Ay, has a nullspace of dimension 1.
Ne—1 . . . g
Q@ The matrix Y. (BW)*BU) with BU) := PF diag(sY)) is invertible.
j=0
Then the vector m determining m and the vectors cU) determining sU),
j=0,...,N:.—1, are uniquely reconstructed by Algorithm 2 up to a

constant. )

Theorem (Plonka & Riebe (2024))

The matrix Ay, has a nullspace of dimension 1 almost surely.

v,
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Reconstruction results for the first MRI data set

method measure R=2,(1,1) R=3,(1,) R=4,(1,2) R=4,(3,2) R=6,(3,1

22 27 3
GRAPPA  PSNR 41.4367 36.2093 30.3212 348741 28.0493
SSIM 0.9638 0.9039 0.7561 0.8821 0.7236
SPIRIT  PSNR 26.7296 28.3496 26.7414 30.8745 29,6801
SSIM 0.9441 0.8794 0.7192 0.8871 0.7307
ESPIRIT  PSNR 37.2218 35.1977 32.0629 35.4497 32.6245
SSIM 0.8138 0.7808 0.7022 0.7848 0.7164
L1-ESPIRIT  PSNR 37.3810 35.9555 34.1941 35.9088 33.5887
SSIM 0.8279 0.7689 0.7612 0.7714 0.7589
JSENSE  PSNR 33.5558 34.0555 30.8670
SSIM 0.8723 0.8665 0.7818
MOCCA  PSNR  (12)38.7136  (40)35.1875  (75)32.0755  (50)35.6563  (90)32.0203
(L=5) SSIM 0.9119 0.8795 0.8111 0.8896 0.7995
MOCCA-S ~ PSNR  (12)39.4055  (40)36.7334  (75)33.2165 (50)37.2826 (90)33.6516
(L=5) SSIM 0.9241 0.9301 0.8845 0.9354 0.8897
MOCCA  PSNR 41.3746. 35.1676 29.1279 35.0675 27.8404
direct (L=5) SSIM 0.9643 0.8859 0.6491 0.8815 0.6078
MOCCA-S  PSNR 42.1886 37.4517 32.2398 36.7925 29.3610
direct (L=5) SSIM 0.9717 0.9369 0.7876 0.9294 0.7119

Comparison of results of MOCCA algorithm with other state of the art algorithms
in parallel MRI for a first data set.
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Numerical recovery results for incomplete data

MOCCA MOCCA-S L1-ESPIRIT ESPIRIT GRAPPA

Reconstruction results for the first data set obtained from a third of the k-space
data of 8 coils (every third column acquired). All error images use the same
scale with relative error in [0,0.12], where 0 corresponds to black and 0.12 to
white.
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Reconstruction of coil sensitivities for the first data set

0.8 >
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04 0
0.2 2
0.8
2
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0.4 0
2
0 -2

0

Magnitude (left) and phase (in [—m, 7]) (right) of the 8 coil sensitivities
obtained for MRI reconstruction for L = 5 for the first data set before and after
multiplication with sign(m).
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Comparison of reconstructed of coil sensitivities

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

Magnitude of the 8 coil sensitivities obtained for MRI reconstruction (before

multiplication with sign(m)) for ESPIRIT (left) and for MOCCA with L = 5
(right).

M. Uecker, P. Lai, Mark J. Murphy, P. Virtue, M. Elad, J.M. Pauly, S.S. Vasanawala,
and M. Lustig,

ESPIRIT — An eigenvalue approach to autocalibrating parallel MRI: Where SENSE
meets GRAPPA,

Magn. Reson. Med. 71(3) (2014), 990-1001.
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Numerical results for incomplete MRI data

method measure R:Z,(l,% R=3,(11) R:4,(1,% R:4,(%,%) R=6,(1,1

2’3
GRAPPA  PSNR 47.2028 42.9704 37.6036 41.5961 38.5314
SSTM 0.9796 0.9573 0.9167 0.9498 0.9244
ESPIRIT  DPSNR 40.3668 39.7082 37.1418 39.6082 384716
SSIM 0.7490 0.7462 0.7243 0.7461 0.7354
LI-ESPIRIT _ PSNR 40.2750 39.7584 38.1926 39.6515 388431
SSIM 0.7465 0.7520 0.7455 0.7521 0.7503
MOCCA  PSNR  (10)42.6611  (50)40.3835  (70)34.8179  (50)40.6865  (90)35.9914
(L=5) SSIM 0.9258 0.9474 0.8769 0.9472 0.8752
MOCCA-S  PSNR  (10)43.2025  (50)41.7574  (70)35.8326  (50)42.2273  (90)37.5114
(L=5) SSTM 0.9314 0.9675 0.9192 0.9679 0.9239
MOCCA  PSNR  (10)43.5172  (50)41.9112  (70)37.3703  (50)41.7795  (90)37.4211
(L=7)  SSIM. 0.9251 0.9461 0.9143 0.9534 0.9011
MOCCA-S  PSNR  (10)44.0399  (50)43.5151  (70)38.9200  (50)43.5679  (90)39.3194
(L=7) SSIM 0.9299 0.9630 0.9537 0.9729 0.9463
MOCCA  PSNR  (10)43.2813  (50)41.7241  (70)38.0202  (50)41.2087  (90)37.9957
(L=9) SSIM 0.9199 0.9437 0.9214 0.9489 0.9127
MOCCA-S  PSNR  (10)43.7645  (50)43.1347 (70)39.7013  (50)42.6955 (90)40.0862
(L=9) SSIM 0.9245 0.9597 0.9579 0.9675 0.9571
MOCCA  PSNR 47.4233 422531 35.8053 42,1402 34,4736
direct (L=7)  SSIM. 0.9844 0.9615 0.8838 0.9616 0.8293
MOCCA-S  PSNR 47.9400 43.8822 38.0142 43.9457 36.4445
direct (L=7) SSIM 0.9866 0.9764 0.9374 0.9792 0.8954

Comparison of results of MOCCA algorithm with other state of the art algorithms
in parallel MRI for a second data set.
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Numerical recovery results for incomplete data

MOCCAS  MOCCAS  MOCCAS  ESPIRIT  GRAPPA
(L=7) (L=9) (L=11)

Reconstruction results obtained from a fourth of the k-space data of the second
data set with 8 coils (every fourth column acquired).
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Reconstruction of coil sensitivities for the second data set
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Magnitude (left) and phase (in [—m, 7]) (right) of the 8 coil sensitivities
obtained for MRI reconstruction for L = 9 for the first data set before and after
multiplication with sign(m).
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Summary

@ We have proposed a new model based reconstruction method (MOCCA)
for the blind deconvolution problem occurring in parallel MRI.

@ The sensitivity functions are modeled by bivariate trigonometric
polynomials of small degree and can be recovered in a first step by solving
an eigenvalue problem.

@ The magnetization image can be recovered from incomplete measurement
data by solving a least squares problem.

@ The algorithm provides exact recovery up to a global constant if the data
satisfy the model.

@ The algorithm is numerically stable and highly efficient, it requires
O(N:N?log N) operations.

@ The approach can be simply generalized to other models for the
sensitivities.
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