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Attention as In-context Mapping
Point clouds: X := {xi}n

i=1

parameters θ := (Q, K, V)
xxj
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Vxj
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Context-free layers:

Multi-layer perceptron:

X ↦ {Γθ(xi)}n
i=1

Γθ(x) := x + θ1ReLu(θ2x)
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Attentions Operating over Measures

Γθ[X](x) := ∑
j

e⟨Kx,Qxj⟩

∑ℓ e⟨Kx,Qxℓ⟩
Vxj

Number  of token is arbitrary.n (Unmasked) attention is permutation invariant.

Γθ[μ](x) := ∫
e⟨Kx,Qy⟩

∫ e⟨Kx,Qy′ ⟩dμ(y)
Vy dμ(y)

Γθ[X]

X

μ
Γθ[μ]

μ = 1
n ∑n

i=1 δxi
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Attention layers

X ↦ {Γθ[X](xi)}n
i=1

μ ↦ Γθ[μ]♯μ

Push-forward

Γ♯ ∑i δxi
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Composing layers
(Γλ ⋄ Γθ)[X] := Γλ[Y] ∘ Γθ[X]

where Y := (Γθ[X](xi))i

(Γλ ⋄ Γθ)[μ] := Γλ[ξ] ∘ Γθ)[μ]
where ξ := Γθ[μ]♯μ



Masked Causal Attention over Measures
For NLP: architectures must be causal for next token prediction & generative modeling.

Γθ[X](xi) := ∑
j≤i

e⟨Kxi,Qxj⟩

∑ℓ≤i e⟨Kxi,Qxℓ⟩
Vxj

 breaks permutation invariance.→

Masked attention mapping:
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μ = 1
n ∑n

i=1 δ(xi,ti)Space-time lifting:

Γθ[μ](x, t) := ∫
1s≤t e⟨Kx,Qy⟩

∫ 1s′ ≤t e⟨Kx,Qy′ ⟩dμ(y′ , s′ )
Vy dμ(y, s)

t

x
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T♯μ=ν ∫ ∥x − T(x)∥2dμ(x)

μ νT

W2(μ, ν)2 := min
T

n

∑
i=1

∥xi − yT(i)∥2

Optimal Transport (Wasserstein) Distance

∥xi − yj∥
2

xi
yj

T

Monge 1784

General measures:
Kantorovitch relaxation

Approximation by discrete measures
or

Kantorovitch 1942



How Smooth is Attention?

Attention layer: Γθ[μ](x) := ∫
e⟨Kx,Qy⟩

∫ e⟨Kx,Qy′ ⟩dμ(y′ )
Vy dμ(y)μ ↦ Γθ[μ]♯μ

Applications:
Understanding robustness to attacks.

Well-poseness of very deep transformers.

W2(Γθ[μ]♯μ, Γθ[ν]♯ν) ≤ CθW2(μ, ν)Lipschitz regularity:



How Smooth is Attention?

Attention layer: Γθ[μ](x) := ∫
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Applications:
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Well-poseness of very deep transformers.

W2(Γθ[μ]♯μ, Γθ[ν]♯ν) ≤ CθW2(μ, ν)Lipschitz regularity:

Theorem: [Castin, Peyré, Ablin]

Cθ ≤ ∥V∥(1 + 3∥Q⊤K∥R2)e2∥Q⊤K∥R2If supp(μ), supp(ν) ⊂ B(0,R),

If furthermore μ = 1
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n ∑i δyi Cθ ≤ ∥V∥∥Q⊤K∥R2 12n + 3
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Well-poseness of very deep transformers.

W2(Γθ[μ]♯μ, Γθ[ν]♯ν) ≤ CθW2(μ, ν)Lipschitz regularity:
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0

W2
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Infinite Depth as a Neural PDE

Γθ[μ](x) := ∫
e⟨Kx,Qy⟩

∫ e⟨Kx,Qy′ ⟩dμ(y′ )
Vy dμ(y)

xi(t + 1) = xi(t) +
1
T

Γθ(t)[μ(t)](xi(t))

μ(t) = 1
n ∑n

i=1 δxi(t)θ = (Q, K, V)
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+ div(μΓθ[μ] ) = 0 Non-linear 
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Transformer:   Tθ[μ0] : x(t = 0) x(t = 1)
·x = Γθ[μ](x)
μ(t = 0) = μ0

Training:
minθ ∑k ℓ(Tθ[μk](xk), yk)
Context Previous Next

« Theorem » convergence to the global minimum if
initial loss small enough
enough heads
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Universality

Γθ[μ](x) :=
H

∑
h=1

∫
e⟨Khx,Qhy⟩

∫ e⟨Khx,Qhy′ ⟩dμ(y′ )
Vhy dμ(y)

Theorem [Furuya, de Hoop, Peyré]:

Let  be -continuous on a compact .Γ⋆ : 𝒫(Ω) × Ω → ℝd Wass2 × ℓ2 Ω ⊂ ℝd

For any  there exists  and  such that ε N (θ1, …, θN)

Γθ[μ](x) := MLPθ(x)or

∀(μ, x) ∈ 𝒫(Ω) × Ω, |Γ⋆[μ](x) − ΓθN
⋄ ⋯ ⋄ Γθ1

[μ](x) | ≤ ε

with  and .token dimensions ≤ 4d H ≤ d

fixed dimensions,  
arbitrary # tokens.

Masked transformers: 
requires Lipschitz 

in time.

Novelties: 
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:

[Yun, Bhojanapalli, Singh Rawat, Reddi, Kumar, 2019]  , dimension  #tokens→ H = 2 ∼

[Agrachev, Letrouit 2019]  abstract genericity hypothesis (Lie algebra/control)→

Discrete tokens: transformers are universal Turing machines: e.g. [Elhage et al 2021]



Sketch of proof

Cylindrical algebra:

γθ[μ](x) := ⟨x, u⟩ + ∫
e⟨Ax+b,y⟩

∫ e⟨Ax+b,y⟩dμ(y)
(⟨v, y⟩ + c)dμ(y)

 First component of Attention  MLP with skip connnexion.→ ∘

1-D elementary block:

𝒜 := Span⋃N {γθ1
⊙ ⋯ ⊙ γθN

: (θ1, …, θN)}

θ := (A, b, c, u, v)

(γ1 ⊙ γ2)[μ](x) := γ1[μ](x)γ2[μ](x)



Sketch of proof

Cylindrical algebra:
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e⟨Ax+b,y⟩

∫ e⟨Ax+b,y⟩dμ(y)
(⟨v, y⟩ + c)dμ(y)

 First component of Attention  MLP with skip connnexion.→ ∘

1-D elementary block:

𝒜 := Span⋃N {γθ1
⊙ ⋯ ⊙ γθN

: (θ1, …, θN)}

θ := (A, b, c, u, v)

(γ1 ⊙ γ2)[μ](x) := γ1[μ](x)γ2[μ](x)

Proposition: any map  
with  can be uniformly approximated by a 

transformer with skip connexions.

(μ, x) → (α1[μ](x), …, αd[μ](x)) ∈ ℝd

αi ∈ 𝒜

Use 1D dimension by dimension  requires  heads.→ H = d

Multiplications ⊙

double 
dimension.

Compositions ∘double dimension

Compositions ∘ In-context ⋄

Use MLPs Embedding 
dimenson = 4dPr

oo
f s

ke
tch

:



Sketch of Proof

Lemma:  is dense in continuous maps  for 𝒜 𝒫(Ω) × Ω → ℝ Wass2 × ℓ2

γθ[μ](x) := ⟨x, u⟩ + ∫
e⟨Ax+b,y⟩

∫ e⟨Ax+b,y′ ⟩dμ(y′ )
(⟨v, y⟩ + c)dμ(y) 𝒜 := Span⋃N {γθ1

⊙ ⋯ ⊙ γθN
}
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 is compact.𝒫(Ω) × Ω

Proof:

 are continuous.γθ

, :A = b = u = v = 0 c = 1
γθ[μ] = 1

∀θ, γθ[μ](x) = γθ[μ′ ](x′ )

(μ, x) = (μ′ , x′ )
⟹?
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Sketch of Proof

Lemma:  is dense in continuous maps  for 𝒜 𝒫(Ω) × Ω → ℝ Wass2 × ℓ2

γθ[μ](x) := ⟨x, u⟩ + ∫
e⟨Ax+b,y⟩

∫ e⟨Ax+b,y′ ⟩dμ(y′ )
(⟨v, y⟩ + c)dμ(y) 𝒜 := Span⋃N {γθ1

⊙ ⋯ ⊙ γθN
}

:   c = v = 0 ⟨x, u⟩ = ⟨x′ , u⟩

:    A = c = u = 0 L1(μ)(b) = L1(μ′ )(b)

Lk(μ)(b) := ∫
ebyykv

∫ eby′ dμ(y′ )
dμ(y)In 1-D:

In higher dimensions: use Radon transform.

L′ k = Lk+1 − LkL1

L1(μ) = L1(μ′ ) ⇒ ∀k, Lk(μ) = Lk(μ′ ) ⇒ ∀k, ∫ ykdμ(y) = ∫ ykdμ′ (y)St
on

e-
W

ei
er

st
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ss
 

th
eo
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m

 is compact.𝒫(Ω) × Ω

Proof:

 are continuous.γθ

, :A = b = u = v = 0 c = 1
γθ[μ] = 1

∀θ, γθ[μ](x) = γθ[μ′ ](x′ )

(μ, x) = (μ′ , x′ )
⟹?
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Figure 1. Scatter plots of the local Lipschitz constant of self-attention (column 1) and masked self-attention (columns 2 and 3) on text
data (upper row) and adversarial data (lower row) as a function of the sequence length n. In the upper row, the color encodes the mean
radius of inputs X = (x1, . . . , xn), defined as R :=

p
1/n

Pn
i=1|xi|2. Lighter points have a smaller mean radius. The first two columns

correspond to two different pretrained BERT models: an Encoder-only and a Decoder-only, on the same dataset Alice in Wonderland,
respectively for attention layers 0 and 6. The third column is obtained with the masked self-attention layer 6 of GPT-2 randomly initialized,
on the dataset AG NEWS. We see that the Lipschitz constant of self-attention on real data grows approximately like n1/4 with the
sequence length n, and that the growth rate is

p
n for adversarial data, which shows the tightness of Theorems 3.3, 3.7, 4.3 and 4.5.

• The Lipschitz constant of self-attention on real data grows
significantly with the sequence length, in all considered
cases, independently of the dataset, the depth of the at-
tention layer, and of whether self-attention is masked or
not. The observed growth rate is close to n

1/4, which is
smaller than the worst-case rate

p
n.

• The Lipschitz constant of self-attention on our adversarial
data grows like

p
n, which is the worst-case rate according

to Theorem 3.3. This evidentiates tightness of the bound
with respect to the sequence length.

Let us make a few remarks. First, the architecture of BERT
adds biases to the traditional formula for self-attention. This
does not affect too much the theoretical analysis (see Ap-
pendix todo). Second, the same experiments as in Figure
1 performed with GPT-2 pre-trained (Radford et al., 2019)
lead to a different behavior of the Lipschitz constant. In
particular, the growth rate of the Lipschitz constant can be
faster than

p
n, which seems to come from a correlation

between the sequence length of inputs and the magnitude of
their tokens after going through LayerNorm (see Appendix
E.2) todo. Finally, our results point out the difficulty of
designing Lispchitz constrained self-attention layers inde-
pendently of the sequence length. Indeed, dividing a self-
attention layer by the mean-field bound of Theorem 3.5 to
enforce its 1-Lipschitz continuity would induce a dramatic
loss of expressive power on smaller sequence lengths. How-

ever, when the sequence length is fixed – for example with
Vision Transformers (Dosovitskiy et al., 2020), dividing the
output of the self-attention layer by the bound in Theorem
3.3 is a promising option.

Conclusion
In this thorough study of the Lipschitz constant of self-
attention, we have identified sharp bounds in different
regimes, the most relevant from a practical viewpoint being
the general bounds stated in Theorems 3.3 and 4.3. Our
theoretical and numerical analyses show that the Lipschitz
constant of self-attention grows with the sequence length,
the worst-case rate being

p
n, and the rate on real data be-

ing at least n1/4, and possibly larger for learned positional
encoding. This insight is new and represents an obstruc-
tion to designing robust Transformers without modifying
the architecture or fixing the sequence length of inputs,
which opens interesting avenues for future work. We have
also introduced a novel mean-field framework for masked
self-attention, which overcomes the lack of permutation
equivariance and paves the way for a study of neural PDEs
on Decoders, as Sander et al. (2022) and Geshkovski et al.
(2023a;b) do for Encoders.
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Open Problems

Smoothness:
eR

mean-field
n

discrete practice
n1/4

bridge the gap

Universality:
Replace scalar-valued cylindrical maps by more effective functions.

Optimisation:
Understand the structure of optimal (Q, K, V)

Why is Adam normalization needed for training?

Toward quantitative approximation bound, leverage smoothness.

GPT-2
Cθ

n


