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Attention as In-context Mapping
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Attention as In-context Mapping

Point clouds: X := {x;}I_,

In-context mapping:
parameters 0 := (Q, K, V)

Single-head attention layer:
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Attention as In-context Mapping

Point clouds: X := {x;}I_,

o
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In-context mapping: L e / o o [, (X, x)
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Attention as In-context Mapping

Point clouds: X := {x;}I_,
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Attention as In-context Mapping

Point clouds: X := {x;}I_,
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Transformer = composition of in-context and context-free layers.



Attentions Operating over Measures

Number 7n of token is arbitrary. (Unmasked) attention is permutation invariant.
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Attentions Operating over Measures

Number » of token is arbitrary. (Unmasked) attention is permutation invariant.
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Attentions Operating over Measures

Number » of token is arbitrary. (Unmasked) attention is permutation invariant.
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Masked Causal Attention over Measures

For NLP: architectures must be causal for next token prediction & generative modeling.

e(le-,ij)
Masked attention mapping: L gl X](x;) = Z 3 0 >ij
e \BApAy
<i

j<i

— breaks permutation invariance.
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Masked Causal Attention over Measures

For NLP: architectures must be causal for next token prediction & generative modeling.

e(le-,ij)
Masked attention mapping: [pl X](x;) := 2 S K0 Vx, A .®
j<i &f<i O
: . . @ ® O
— breaks permutation invariance. . ®
- H—+—+—+—+—+—+1—1
Training: next token prediction  min 2 Z (gl X]1(x;), X, 1) o
(simplified...) 0 4 oo
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Testing: generative model X (xp,...,x, T[X](x)) .
(simplified...) |

Space-time lifting: H = %Z?zl Ox.t)

1., o (Kx.0y)
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Optimal Transport (Wasserstein) Distance
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Optimal Transport (Wasserstein) Distance
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Optimal Transport (Wasserstein) Distance
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How Smooth is Attention?

e (Kx.0y)

J eKx00du(y’)

Attention layer: u = Lglulsu Lplp](x) := J Vy du(y)

Lipschitz regularity: Wal glplgss, Tplvlsr) < CoWalu, v)

Understanding robustness to attacks.

Applications: <

Well-poseness of very deep transformers.
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Extension to masked attention: use chond(,u, V) = fol Wo(u( - 1), (- | 1)t 11(0)




Infinite Depth as a Neural PDE
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Infinite Depth as a Neural PDE

['glpe](x)

1
x(t+ 1) =x(1) + ?F
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Infinite Depth as a Neural PDE

['glpe](x)

e (Kx.0y)

o J I e (Kx,Qy’)d,u(y’)

Vy du(y)

1

o(1) [ ()] (x(2))

T — + o

Intinite depth

6 = (Q, K, V) //t(t) — %Z?:l 5xi(f)

dx;
————————————- E(t) — Fg(t)[ﬂ(t)](xz(t))

du

| Mean
du . B Non-linear field
+ div(ulg[u] ) =0 PDE oy

ds

|Sander, Ablin, Blondel, Peyré, 2022]
|Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]

— Not a Wasserstein flow :(

Coupled
EDOs




Infinite Depth as a Neural PDE

e (Kx.0y) 1
(14 1) = 50 + ST DI 0) ey P 1 i) EDOS
& & A PRI Intinite depth dt o AT EDOs
o—>©

o./> O ® du | Mean

e s * P divul,u]) = 0 Non-linear [ field

= o o dt PDE o
‘\>._,. — Not a Wasserstein tlow :(

|Sander, Ablin, Blondel, Peyré, 2022]
|Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]

: K1(+vkY K
% = Tolu](x) . ming ), £(Tyl1"1(x"), y")
Transformer: T, x(t = 0) ———— - x(t = 1 Training:
/ olHol : X( ) u(t = 0) = py X ) Context Previous Next

initial loss small enough

« Theorem » convergence to the global minimum if < enough heads
(u"), separated
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Universality

H (K"x,Q"y)
Folul(x) = ZJ -

— jg(Khx,th’>du(y’)

Theorem [Furuya, de Hoop, Peyrél:

Let T : 2(Q) x Q — R? be Wass, X #?-continuous on a compact Q C R4

For any ¢ there exists N and (4,, ..., 60y) such that
V(u,x) € P(Q) X Q, [T [ul(x) =Ty o oTp[ul(x)| < e

with token dimensions < 4d and H < d.

Viydu(y) or  Tylul(x) := MLPy(x)

Novelties:

fixed dimensions,
arbitrary # tokens.

Masked transformers:
requires Lipschitz
1n time.



Universality

H (K"x,0"y)
Lolu](x) ZJ - Vhy du(y) [olu](x) := MLPy(x)
X) = X) = X
ol = jg(Khx,th’>du(y’) yORS)or oL 0
Theorem |Furuya, de Hoop, Peyrél: Novelfies:
Let I'* : 2(Q) x Q — RY be Wass, X #*-continuous on a compact Q C R fixed dimensions,

arbitrary # tokens.
For any ¢ there exists N and (4,, ..., 60y) such that

Masked transformers:

x _
V(p,x) € P X Q, [T [u](x) FeN ¢ 9 Fﬁl[ﬂ](x)‘ S € requires Lipschitz

with token dimensions < 4d and H < d. In time.

['Yun, Bhojanapalli, Singh Rawat, Reddi, Kumar, 2019] — H = 2, dimension ~ #tokens

|[Agrachev, Letrouit 2019] — abstract genericity hypothesis (Lie algebra/control)

Previous works:

Discrete tokens: transformers are universal Turing machines: e.g. |Elhage et al 2021]



Sketch of proot

P (Ax+b,y)

J e (Ax+b,y)dlu (y)

1-D elementary block: Yolpul(x) := (x,u) + J (v, y) + o)du(y) 0:.=(A,b,c,u,v)

— First component of Attention - MLP with skip connnexion.

Cylindrical algebra: o/ = Span UN{Vel OO, - (0, ..., Oy) ] (r1 © Y)lulx) ==y lulO)y, 1l (x)



Sketch of proof

P (Ax+b,y)

1-D elementary block: Yolul(x) == (x,u) + J [t +b)dp(y) (v, + () 0:=(A,b,¢uv)

— First component of Attention - MLP with skip connnexion.

Cylindrical algebra: o/ = Span UN{?’el OO, - (0}, ..., Oy) ] (r1 © Y)lulx) ==y lulO)y, 1l (x)

Proposition: any map (4, x) = (o[u](x), ..., o [u](x)) € R
with a; € &/ can be uniformly approximated by a
transformer with skip connexions.

Use 1D dimension by dimension — requires H = d heads.

C 1. L. double dimension .
Multiplications © ———— Compositions o

Use M LPs Embedding
double dimenson = 4d

Compositions o B Frpe— In-context ¢
imension.

Proof sketch:



Sketch of Proof

P (Ax+b,y)

J e (Ax+b,y’)dlu (y )

1) = () + J (vy)+Oduy) o = SpanUy (75, © - © 7.}

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?



Sketch of Proof

P (Ax+b,y)

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?

Proof:
P() X € 1s compact.

Yp are continuous.

A=0b

Stone-Welerstrass
theorem

VO, vl p1(x) . Yolp'1(x")
—
(u, x) = (4, x)



Sketch of Proof

P (Ax+b,y)

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?

Proof c=v=0: (x,u)={(x",u)

P() X € 1s compact.
Yp are continuous.

A=0b

Stone-Welerstrass
theorem

VO, vl p1(x) > Yolp'1(x")
—
(u, x) = (u',x’)



Sketch of Proof

P (Ax+b,y)

Lemma: of is dense in continuous maps P(Q) X Q — R for Wass, X £?

Proof: c=v=0: (xu)=(x,u)
P() X € 1s compact. A=c=u=0: Lu)b)=Lu)b)
% Yp are continuous. PLANTLSY
7 z Inl-D: L)) = J byg ~du(y)
.gg A=b=u=v=0,c=1: je H(y')
= 3 Yolul =1 Ly = Ly — LiL,
=
-
S V0, ylul(x) > Yolp'1(x) Li(u) = Li(u") = Vk, Li(u) = Li(u) = V&, [y'du(y) = [ydu'(y)

—

PRI In higher dimensions: use Radon transform.
(1, x) = (1', x')



Open Problems

Smoothness: bridge the gap  mean-field discrete practice

eR <+ \/; <+ n1/4

Replace scalar-valued cylindrical maps by more ettective functions.
Universality: <

Toward quantitative approximation bound, leverage smoothness.

Understand the structure of optimal (O, K, V)
Optimisation: <

Why is Adam normalization needed for training?



