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Learning rate and sharpness

> Optimization problem
min RE(W).
WERP
> Gradient descent (GD):
Wis1 =W, —nVR*W,).

> Maximal admissible value of n?



Learning rate and sharpness

> Optimization problem

min REY(W).

WER?
> Gradient descent (GD):

Wis1 =W, —nVR*W,).

> Maximal admissible value of n?
2 Notation: the sharpness S(W) is the largest eigenvalue of the Hessian of R”.
> Convex optimization: descent lemma for gradient descent (GD) with learning rate 7 if

2 2
_— & sup SW) < —.
SUPyyeRre S(W) Weﬁp ( ) n

2 This is a necessary condition for convergence for a quadratic objective.
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Learning rate and sharpness

2
SuPyyers S(W)

Logistic regression,
separable data

> see Wu, Bartlett, Telgarsky, Yu (2024).



Deep linear networks for regression

> Deep linear networks
xl—)pTWL... Wiz,

with z € R, parameters W = { W}, € R%*d-11, ;1 and p € R% is a fixed vector.
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Deep linear networks for regression

> Deep linear networks
xl—)pTWL... Wiz,

with z € R, parameters W = { W}, € R%*d-11, ;1 and p € R% is a fixed vector.

2 key settings

> Multi-layer perceptron: d, =1 and p = 1.
> Residual network: dy = ---=dp = d, Wy = I.

> Regression task: X € R"*?, y € R", 7* optimal regressor of minimal norm.
¥ Mean squared error:
1
L T T
REOW) = iy = XW, . W gl
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Where does the critical learning rate value come from?

Damian, Nichani, Lee (2023)

GD implicitly solves

mmi;nRL(W) suchthat S(W) <

SR

> Interpretation: GD cannot converge to a minimizer as soon as

2 2
inf SW)>- <« > - .
Wearg min(RF) ( ) n 7 lanGarg min(RL) S(W)
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Damian, Nichani, Lee (2023)

GD implicitly solves

mmi;nRL(W) suchthat S(W) <

SR

> Interpretation: GD cannot converge to a minimizer as soon as

2 2
inf SW)>- < > - .
Weéarg min(R”) ( ) n K lanGarg min(RL) S(W)

T )T XTX 7*
[ ]|

inf  S(W) ~ 2Lal|7*||2  with a:(

We€arg min(RY) n ||7T*|| .



Where does the critical learning rate value come from?

Damian, Nichani, Lee (2023)

GD implicitly solves

mmi;nRL(W) suchthat S(W) <

S

> )TXTX >
[Ed

inf  S(WV) ~ 2Lall7*|2  with a:(

Wearg min(R") n ||7T*|| ’

> GDfails if > 1

La]lm*]13

> After training to a minimizer, ~ 2Lal|7*[|3 < S(W) < 2.



+

%
/

s

1
|13

depth: 5
—x— depth: 10
—=— depth: 20
—+— depth: 40

> GDfailsif > 1,
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Back to our experiment

ils i 1 i * 112 2
> GDfailsifn > a2 > After training, 2Lal7*||2 < S(W) < -
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Back to our experiment
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Back to our experiment
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Back to our experiment
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From a small-scale initialization

> Sharpness does not saturate at 2/1.

Sharpness

Progressive
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> The final sharpness is independent of the learning rate.
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Our setting

> Deep linear networks
z— Wp... W11'7

with z € R, parameters W = { W}, € R%*d-1}, ;1 and df, = 1.
2 Mean squared error:
RHOV) =~y — XWY W] |3
> Gradient flow (GF): i
) =g,
> Initialization such that R“(W(0)) < L{|y[|3 and VRE(W(0)) # 0.

> Convergence of gradient flow?

> Structure of the minimizer?



Initialization scale controls the structure of the weights

Define o, ux, vx the first singular value, left vector and right vector of Wy, and

L-1
== 3 max | Wi(0) % +2 k}_jl IW(0) W (0) = Wiy (0) W1 (0)]2 -
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Initialization scale controls the structure of the weights

Define o, ux, vx the first singular value, left vector and right vector of Wy, and

L-1
== 3 max | Wi(0) % +2 ,; IW(0) W (0) = Wiy (0) W1 (0)]2 -

The parameters following gradient flow satisfy for any ¢ > 0 that
> forke{l,..., L}, IWe(@IIF — I Wil <e,
> forj ke {l,...,L}, |a,%(t)—o]?(t)|§e,
> forke{l,....,L—1}, (vpsr(t)up(t))>>1— ———.
0k+1(t)

Proof: for any time ¢t > 0and any k € {1,..., L — 1},
Wiy (1) Wiga (1) — Wi, (0) Wi (0) = Wi(8) W[ (8) — Wi(0) W (0).

+ computations...
16



Convergence of GF

The network satisfies the Polyak-tojasiewicz condition for ¢ > 1, in the sense that there
exists some p > 0 such that, for ¢t > 1,

SO ) > R 0) — )

17



Convergence of GF

The network satisfies the Polyak-tojasiewicz condition for ¢ > 1, in the sense that there
exists some p > 0 such that, for ¢t > 1,

L
ORY 2 .
> - i .
322 o, 2 tn00t0) -
Beginning of the proof:
8RL(t)—(W(t) A
oW, (t)... Wy \g/

Therefore

Hggémui — WL (t). .. Wa(t) ]9l

> AN Wi (t)... Wa()[I3(R* V(1)) — Runin) - -



Putting everything together

Corollary

Assume that 32L./e < 1 and that the data covariance matrix %XTX is full rank with
smallest (resp. largest) eigenvalue \ (resp. A).

Then the gradient flow dynamics converge to a global minimizer W% of the risk, such that



Putting everything together

Corollary

Assume that 32L./e < 1 and that the data covariance matrix %XTX is full rank with
smallest (resp. largest) eigenvalue \ (resp. A).

Then the gradient flow dynamics converge to a global minimizer W% of the risk, such that

> forke{1,...,L}, W22 — | W23 <e, (rank-one)
sy N\1/L
> forke {1,...,L}, (@) <od < (27 )2) ", (low-norm)
> forke{l,....,L—1}, (i, u)>>1- ;WL , (alignment)
(2ll7l2)
>1< Sl(g::j) <44, (low-sharpness)
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From multi-layer perceptrons to residual

networks

hr1 = hi + f (i, Vig1)
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Linear residual networks

Piy1 = hie + Vi1 by = (I + Vig1) by
~————

=: W1

> GFon Vi, initialized at V(0) is to GF on Wy initialized at I + V(0).
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~————
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> GFon Vi, initialized at V(0) is to GF on Wy initialized at I + V(0).

> Deep linear networks
prTWL... Wiz,

with z € R9, parameters W = { W, € R¥ %}, ;<1 and p € R% s fixed.

> Gradient flow (GF):
AWy OR"

dt 8Wk
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Linear residual networks

hir1 = hie + Vigrhe = (T4 Vig1) b
—_——
=: W1
> GFon Vj, initialized at V(0) is to GF on Wy initialized at I 4+ V/(0).
> Deep linear networks
prTWL... Wiz,

with z € R9, parameters W = { W, € R¥ %}, ;<1 and p € R% s fixed.
> Gradient flow (GF):

AWy, _aRL
dt oWy, '
¥ Initialization: s
Wi(0) =1+ Ny
(0) Jid k

21



Zoom on the initialization

vVvVvVvyYy

v

s
Vv Ld

N: matrices with independent standard Gaussian entries.
1/\/Efactor: “right” scaling in the large-width limit.

l/ﬁ factor: “right” scaling in the large-depth limit.

s factor: hyperparameter (independent of width and depth).

Wi(0) =1+ N, .

On scaling factors, see (for example) Glorot and Bengio (2010); He, Zhang, Ren,
Sun (2015); Arpit, Campos, Bengio (2019); Marion, Fermanian, Biau, Vert (2022); Chizat
and Netrapalli (2023); Yang, Yu, Zhu, Hayou (2024).

22



Convergence of GF

There exist C1, ..., Cs > 0 depending only on s such that, if L > C; and d > (s, then, with
probability at least
1 — 16 exp(—Csd),

L NIl

- A

the gradient flow converges to a global minimizer WR' of the risk. Furthermore, the
minimizer WR! satisfies

R*(W(0)) = Runin

S

W =1+
Vv Ld

1
Nk+ze,§' with |08z < Cs, 1<k<L.

23



Concentration of singular values of product of random matrices

Lemma (simplified)

For w > 0, with probability at least

2

1—8exp(—%),

it holds for all # such that maxi<x<r, [|0x]l2 < 6l4 exp(—2s? —4u) and all k € {1,..., L} that

N+10>H<4 (82+u)
1 Ll g = €xXp 2 )

H<I+LNk+%6k>...<I+\/%

v ILd
and

S

omin((1+ et 10) (14 =i+ 100)) > fow (- 25— ).

VLd
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Connection with sharpness

The minimizer WR satisfies

S

WRl _ I+
Vv Ld

1
Nk+z€;§l with ||9,S|||FS Cs, 1<Ek<L.

Corollary

If the data covariance matrix =X " X is full rank, there exists C' > 0 depending only on s
such that the following bounds on the sharpness of the minimizer W' hold:

SVT) _ oA

1<
- Smin A

25



Conclusion: an open problem

Why does the sharpness increase during the early phase of training?

% 06 Progressive Edge of 200 Progressive Edge of

3 0.4 }_Sharpening Stability | % Sharpening Stability

e £ 100 mewnes
g 02 wg

H

0.0 ; ; ; v 0 - v . .
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Training Steps Training Steps

Damian, Nichani, Lee (2023)

26



Thank you!

Want to know more? arXiv:2405.13456

D0

¥ pierre.marion@epfl.ch
@  https:/pierremarion23.github.io



mailto:pierre.marion@epfl.ch
https://pierremarion23.github.io

All minimizers implement the same optimal regressor

2 Mean squared error:
1
REOV) = Ly - xwT w3,
> Assumption: the covariance matrix L X T X € R%*? s full-rank, with smallest and
largest eigenvalues A and A.

> The linear regression problem of y on X has a unique minimizer 7% € R%.
> Consequence: all minimizers of R*(W) are equal in function space to =+ z ' 7*.

28



Lower bounds on the sharpness of minimizers

Let Smin = nfyyearg min 72wy S(W) and a := (w*/||w*[|) TS(w*/||w*])). We have
L

21 1 1
Smin > 20'”71)*”2 - ||p||L § : ?
= [ Willr

and

x2—%) 2 xi2—2 2
20w lly” *lIpl 7 La < Smin < 2[w*lly” Il v/(2L — A2 + (L — 1)2a2.

> The sharpness of minimizers can be arbitrarily high: take any minimizer
W = (Wy,... W) and consider WC = (CWy, Wa/C, W3, ..., Wr). Then

_1 21
2|7 T 2A|7 s TC omee
SWc > 2 — 2
WO 2 Tn/cle = [l
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How to lower-bound || Wi (%) ... Wa(?)|]2?

|25 0| = 4\ Wit WaDIBRE V() i)
oW, F P TR o

¥ Two cases depending on the magnitude of o (#).

30



How to lower-bound || W(t) ... Wa(t)||2?

HS—%U)H? > AN WL() ... Wa(O)|2(REOV(E)) = Run) -

> Ifoy(t)is “large”:

Lemma (reminder)
The parameters following gradient flow satisfy for any ¢ > 0 that
> forj,ke{l,...,L}, lok(t) — o3 ()| <e.

> forke{l,...,L—1} (ves1(t), u(t)> >1— @
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How to lower-bound || W(t) ... Wa(t)||2?

HS—%U)H? > AN WL() ... Wa(O)|2(REOV(E)) = Run) -

> If oy () is “small”:

Assumption (reminder)

> Initialization such that R*(W(0)) < 1||y||3 and VR*(W(0)) # 0.

Fort > 1, #(W(t)) cannot be too close from 0.
. Since o1(t) is small, this implies that || Wr(t) ... Wa(t)]|2 is large.

30



Deep linear networks with small-scale initialization

GF for deep linear networks for regression from a small-scale initialization:
> converges to a global minimum.
> the weights matrices are rank-one and aligned.

> implicit regularization towards small norm and small sharpness.

Some prior work with a similar flavor

> Jiand Telgarsky (2018): aligned and rank-one layers for classification with linearly
separable data.

> Saxe et al. (2014, 2019); Lampinen and Ganguli (2019); Gidel et al. (2019); Varre et al.
(2023): implicit regularization towards low-rank structure in parameter space for
two-layer neural networks.

> Jacot et al. (2021): low-rank saddle-to-saddle dynamics for deep linear networks.
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Deep linear networks with residual initialization

GF for deep linear networks for regression from a residual initialization:
> converges when the initial risk is small enough.
> the change to weight matrices is of order O(1/L).
> the final sharpness can be bounded.

Some prior work with a similar flavor

> Bartlett et al. (2018); Arora et al. (2019); Zou et al. (2020); Sander et al. (2022); Marion et
al. (2024): convergence for identity or weight-tied initialization.

> Marion et al. (2022); Zhang et al. (2022): similar concentration bounds for product of
random matrices.
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