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(2000)

Dongarra, J. and F. Sullivan (2000). Top ten algorithms of the century. Computing in Science and Engineering 2(1), 22–23.
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Geometric approximation rates of Fourier expansions for analytic periodic functions (FFT)   

 

Gauss, C. F. (1886). Theoria interpolationis methodo nova tractata Werke band 3, 265–327. Göttingen: Königliche Gesellschaft der Wissenschaften.
Cooley, J. W., & Tukey, J. W. (1965). An algorithm for the machine calculation of complex Fourier series. Mathematics of computation

Geometric approximation rates of the Coulomb / Gravitation field expansion in (FMM)s 

                        

Greengard, L., & Rokhlin, V. (1987). A fast algorithm for particle simulations. Journal of computational physics

θ(z) ≈ θn(z) = ∑
∥α∥∞≤n

cαe2πiα⋅z, ∥ θ − θn ∥C0(Ω) = 𝒪(r−n), r > 1

ϕ(z) ≈ ϕn(z) = Qlog(z) +
n

∑
k=1

ak

zk , ∥ ϕ − ϕn ∥C0(Ω) = 𝒪( |z |−n ), |z | > 1 .

How to compute Multivariate Function Expansions that closely 
approximate the ground truth function and its derivatives FAST ?
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ak

zk , ∥ ϕ − ϕn ∥C0(Ω) = 𝒪( |z |−n ), |z | > 1 .

How to compute Multivariate Function Expansions that closely 
approximate the ground truth function and its derivatives FAST ?

Limitations 

Periodicity of FFTs ! 

Quadratic decay of the Coulomb field in FMMs !


NO RESISTANCE to the Curse of Dimensionality ! 
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Polynomials are not feasible for computations ?!

Trefethen, L. N. (2019). Approximation theory and approximation practice, SIAM.

Nick Trefethen 
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Nick Trefethen 

Geometric approximation of analytic functions in 1D 

Theorem: Let  ,  its best polynomial approximation of degree . Then  


               


if and only if,  is the restriction of a function  holomorphic in the open Bernstein ellipse . 

Consequently,


                                                                                 


applies for the resulting interpolant  in Chebyshev-Lobatto-nodes. Moreover, even the -th order deriavitves are 
approximated as 

                                                                           .


f : [−1,1] → ℝ p*n n ∈ ℕ

∥f − pn * ∥∞ = 𝒪(ρ−n) , ρ > 1

f F : Eρ ⊂ ℂ → ℂ Eρ

∥f − Qn∥∞ = 𝒪(ρ−n+1) , ρ > 1

Qn k

∥f (k) − Q(k)
n ∥∞ = 𝒪ε(ρ−n+1) = 𝒪((ρ − ε)−n+1) , ρ > ε > 0
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The framework in mD
Hypercube  

    

Downward closed polynomial space 

   , where  is downward closed, i.e, whenever  

lp-degree spaces 

   , with total , Euclidean , and maximum degree , being crucial.    


Unisolvent interpolation nodes 

    where .


Leja-ordered Chebyshev-Lobatto (LCL) nodes 

                                            , .


□m = [−1,1]m , m = dim

ΠA = span{xα : α ∈ A} A βi ≤ αi , ∀i = 1,…m , α ∈ A ⟹ β ∈ A

Am,n,p = {α ∈ ℕm : ∥α∥p ≤ n} (p = 1) (p = 2) (p = ∞)

PA = {pα = (pα1
, …, pαm

) : α ∈ A , pαi
∈ Pi} , Pi = {p0, …, pn} ⊆ [−1,1] , i = 1,…, m

Cheb≤Leja
n = {cos( kπ

n ) : 0 ≤ k ≤ n}
≤Leja

Pi = Cheb≤Leja
n , i = 1,…, m



Leja ordered Chebyshev—Lobatto (LCL) nodes

PA = {pα : α ∈ A = Am,n,p} , pα = (pα1
, …, pαm

) , pαi
∈ Chebn

≤Leja , i = 1,…, m .

p3,2 = (q3, q2) , qi ∈ Cheb≤Leja
n

p2,4 = (q2, q4) , qi ∈ Cheb≤Leja
n
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Kuntzmann J. (1960) Methodes numeriques interpolation derivees. Dunod Editeur, Paris. 
Guenther, R. B., & Roetman, E. L. (1970). Some observations on interpolation in higher dimensions. Mathematics of Computation, 24(111), 517-522. 
Chung, K. C., & Yao, T. H. (1977). On lattices admitting unique Lagrange interpolations. SIAM Journal on Numerical Analysis, 14(4), 735-743. 
Chkifa, A., Cohen, A., & Schwab, C. (2014). High-dimensional adaptive sparse polynomial interpolation and applications to parametric PDEs. 
Foundations of Computational Mathematics, 14, 601-633.
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How powerful is lp-degree Chebyshev expansion ? 
Trefethen’s Theorem  If   is analytic in the Trefethen domain


                      


where  is the Newton ellipse with foci  and  and leftmost point . Then the truncation  

of the Chebyshev series     to  

yields the errors       


                   


            


                      total degree                                   Euclidean degree                                        maximum degree


f : □m → ℝ
Nm,ρ = {(z1, …, zm) ∈ ℂm : (z2

1 + ⋯ + z2
m) ∈ E2

m,h2} ⊆ ℂm ,
E2

m,h2 0 m −h2 , h ∈ [0,1] 𝒯Am,n,p
( f )

f(x) = ∑
α∈ℕ

cαTα(x) , cα ∈ ℝ , Tα(x) =
m

∏
i=1

Tαi
(xi) , 𝒯Am,n,p

( f ) = ∑
α∈Am,n,p

cαTα(x) , ΠAm,n,p

∥f − 𝒯Am,n,p
( f )∥C0(Ω) =

𝒪ε(ρ−n/ m) p = 1
𝒪ε(ρ−n) p = 2
𝒪ε(ρ−n) p = ∞

, ρ = h + 1 + h2 > 1 .

|Am,n,1 | = (m + n
m ) ∈ 𝒪(mn) |Am,n,2 | ≈ (n + 1)m

πm ( πe
2m )

m/2
∈ o(nm) |Am,n,∞ | = (n + 1)m ∈ 𝒪(mn)

Trefethen, L. (2017). Multivariate polynomial approximation in the hypercube. Proceedings of the American Mathematical Society, 145(11), 4837-4844.



Is the converse also true ? 
Trefethen’s Conjecture: If   possesses a polynomial approximation of geometric rate

   


                   .

Then  can be analytically extended to 


f : □m → ℝ

∥f − p*n ∥∞ = 𝒪(ρ−n)
f Nm,ρ .

Bos—Levenberg Theorem:  Let ,  PL-regular . Then

                                 
                                      


where the Bos-Levenberg domain   is 
precompact. 


L. Bos & N. Levenberg Bernstein–Walsh theory associated to convex bodies and applications to multivariate approximation theory. Computational 
Methods and Function Theory (2018) 

f : K → ℂ , K ⊆ ℂm Πn = Π(nP) , P is a convex body

∥f − p*n ∥C0(Ω) ≲ ρ−n , ρ = ρ(P) , ⟺ f = F|K with F holomorphic in Ωρ ,

Ωρ = {z ∈ ℂm : |Q(z) | < log(ρ) , for all Q ∈ Π(nP) ,∥Q|K∥∞ ≤ 1} ⊂ ℂm

Theorem:  Let  holomorphic in ,   ( ) and . Then

                                 
                                                       


where  is the interpolant of  in LCL-nodes. 


f : □m → ℝ , f = F|□m
, F Ωρ Πn = Πm,n,p P = Am,n,p k ∈ ℕ

∥f − Qn∥Ck(□m) = 𝒪ε(ρ−n) , ρ = ρp ,

Qn = Qf,PAm,n,p
f

15Chkifa, A., Cohen, A., & Schwab, C. (2014). High-dimensional adaptive sparse polynomial interpolation and applications to parametric PDEs. 
Foundations of Computational Mathematics, 14, 601-633.



minterpy Multivariate interpolation, Python (2021) https://github.com/casus/minterpy

Interpolating the Runge function in 3D
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minterpy Multivariate interpolation, Python (2021) https://github.com/casus/minterpy

Consequence: The Runge function   has best approximation  of rate





f : □m → ℝ , f(x) = 1
1 + r2∥x∥2 p*n ∈ Πm,n,p

∥f − p*n ∥∞ = 𝒪(ρ−n) , ρ =
h + h2 + m

m
, if p = 1

h + h2 + 1 , if 2 ≤ p ≤ ∞
, h = 1/r

Interpolating the Runge function in 3D

17



splinesTrefethen rate 

tensorial interpolation 

minterpy

Interpolating the Runge function in 4D

18minterpy Multivariate interpolation, Python (2021) https://github.com/casus/minterpy



—degree interpolation in dimension  lp m = 5

19



Interpolation in Dimension 5


20minterpy Multivariate interpolation, Python (2021) https://github.com/casus/minterpy



Differentiation of the Runge function
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How to make that even fast ?     

𝒪( |A |2 ) 𝒪( |A | ) , |A | = dim ΠA
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Introduction

m . . . spatial dimension

n . . . polynomial degree

A ⇢
m

0 . . . downward closed multi–index set (non–empty finite)

⇧ . . . downward-closed polynomial space

1 Provide a framework for multivariate interpolation in ⇧ for any pair of

P
0 . . . one-dimensional nodes, Q . . . polynomial basis.

2 Interpolation is realised on a non-tensorial grid P, where all nodes are grid
points, but not vice versa.

3 Present an algorithm for ⇧ that applies the backward and forward transform in

O(N ·m · n · ), N := dim(⇧), 1    m.

4 The algorithm is designed for any ⇧, with a detailed analysis conducted on `p

degree polynomial spaces, including Euclidean degree polynomials.

Trefethen, 2017

Chkifa, Cohen, Schwab, 2014
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Framework

Downward Closed Polynomial Space

Definition (downward closed multi-index set)

(Finite) A ⇢
m

0 downward closed, if 8� 2 A : � 2 A ) {↵ 2
m

| ↵  �} ⇢ A.

1 The maximum degree of each xi , 1  i  m, and the overall maximum degree:

nA,i := max
↵2A

↵i , nA := max
i=1,...,m

nA,i .

2 The smallest hyper-rectangle containing A:

A
⇤ := {0, . . . , nA,1}⇥ . . .⇥ {0, . . . , nA,m}.

Definition (downward closed polynomial space)

Let m 2 and a (finite) downward closed multi-index set A ⇢
m. Then

⇧A := span {x
↵
| ↵ 2 A} , NA := dim(⇧A) = |A|.

Definition (`p degree multi-index set)

Am,n,p := {↵ 2
m

0 : k↵kp  n}, ⇧m,n,p := span {x
↵
| ↵ 2 Am,n,p}

Phil-Alexander Hofmann, Damar Wicaksono, and Michael Hecht
CASUS – Center for Advanced Systems Understanding HZDR – Helmholtz-Zentrum Dresden-Rossendorf University Wroc law
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Definition (downward closed multi-index set)

(Finite) A ⇢
m

0 downward closed, if 8� 2 A : � 2 A ) {↵ 2
m

| ↵  �} ⇢ A.

1 The maximum degree of each xi , 1  i  m, and the overall maximum degree:

nA,i := max
↵2A

↵i , nA := max
i=1,...,m

nA,i .

2 The smallest hyper-rectangle containing A:

A
⇤ := {0, . . . , nA,1}⇥ . . .⇥ {0, . . . , nA,m}.

Definition (downward closed polynomial space)

Let m 2 and a (finite) downward closed multi-index set A ⇢
m. Then

⇧A := span {x
↵
| ↵ 2 A} , NA := dim(⇧A) = |A|.

Definition (`p degree multi-index set)

Am,n,p := {↵ 2
m

0 : k↵kp  n}, ⇧m,n,p := span {x
↵
| ↵ 2 Am,n,p}
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`p Degree Polynomial Spaces (2)

Figure: Absolute, Euclidean and maximal degree multi-index-sets in 3d
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Computational Complexity

Basis Interpolation Di↵erentiation

Fourier1 O(n · log2(n)) O(n)

Chebyshev2 O(n · log2(n)) O(n2/4)

Newton3 O(n2/2) O(n2/2)

Fast Downward–Closed Transform |A| ·m
2
· O(�”�/nA) |A| · O(�”�/nA)

Fast `p Transform |Am,n,p | ·m · O(�”�/n) |Am,n,p | · O(�”�/n)

1 James W. Cooley and John W. Tukey, 1965
2 Ahmed and Fisher, 1968
3 Newton, 1736
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Flattening

1 Arranges sequences of objects based on co-lexicographical rules.

2 Tensors are flattened into matrices according to co-lexicographic order.

3 Whenever an index ↵ 2 A appears as a subscript, it is understood to follow the
co-lexicographic order.

Definition (Co-Lexicographic Order)

Let m 2 , A ⇢
m finite and ↵, � 2

m we define

↵ colex � () ↵ = � or ↵i < �i , ↵i+1 = �i+1, . . . , ↵m = �m for 1  i  m.

Definition (Ordinal Position)

Let m 2 , A ⇢
m finite and ↵ 2

m. The ordinal position of ↵ in denoted by

colexA : A 3 ↵ 7! |{� 2 A | � colex ↵}| 2 .

Hence,
colex�1

A
(k), 1  k  NA,

denotes the multi-index ↵ 2 A belonging to the k-th element of A w.r.t. colex .
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2 Framework

3 Fast Full-Tensor Transform

4 Fast Downward–Closed Transform

5 Numerical Experiments

Phil-Alexander Hofmann, Damar Wicaksono, and Michael Hecht
CASUS – Center for Advanced Systems Understanding HZDR – Helmholtz-Zentrum Dresden-Rossendorf University Wroc law

Fast Multivariate Interpolation in Downward–Closed Spaces



Introduction Framework Fast Full-Tensor Transform Fast Downward–Closed Transform Numerical Experiments

Fast Full-Tensor Transform

Definition

Let {Q�}�2A be a basis of ⇧A. The backward transform BA, the forward transform
FA and the di↵erentiation matrix DA are straightforwardly expressed through

FA := B�1
A

, BA :=
�
Q�(p↵)

�
↵,�2A

, DA,i :=
�
@/@xiQ�(p↵)

�
↵,�2A

2
NA⇥NA .

Proposition

If A = A
⇤, we can express BA, FA, and DA,1 as Kronecker products

F A =
mO

i=1

F{0,...,ni,A},B A =
mO

i=1

B{0,...,ni,A},DA,1 = D{0,...,n1,A}

mO

i=2

I ni,A+1 2
NA⇥NA

where In 2
n denotes the identity matrix.
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Fast Full-Tensor Transform

m = 4, n = 1, p = 1

f1 f2 f3 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14 f15 f16f4
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Fast Full-Tensor Transform

Theorem (Fast Full-Tensor Transform)

Given the square matrices Bi 2
(ni,A+1)⇥(ni,A+1), 1  i  m, and a vector

v = (v1, v2, . . . , vNA
)> 2

NA , the matrix vector product

(B1 ⌦ . . .⌦ Bm) · v

can be computed in O(NA · nA ·m).

Definition (Generalized Matrix-Vector Product)

B = (Bi,j )ni,j=1 2
(n+1)⇥(n+1), w = (wi )N

0
i=1 2

N
0
and N

0
⌘ 0 mod (n + 1). Next,

partition w into n + 1 chunks of size s := N
0/(n + 1), compute

ui :=
n+1X

j=1

Bi,jw(j�1)·s+1 : j·s 2
s , 1  i  n + 1.

Consequently, we define # by flattening

B#v := (u>1 , . . . , u>n+1)
>

2
N
0
.

Note that # 2 ⇥(n2 · s).
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Fast Full-Tensor Transform

1 Hm,i :=
i

0 ⇥ {0}m�i , H
?
m,i = {0}i ⇥ m�i

0

2 NA,i := |A \ Hm,i |, N
?
A,i := |A \ H

?
m,i |

Scheme

We further define a double sequence of vectors {wj

i
}i,j , which allows to

compute the matrix-vector product in (7) as

w = Bm#wm

1 .

Hereby, the double sequence {wj

i
}i,j , is computed by the iterative scheme:

w1
i := v(i�1)·(nA,1+1)+1 : i·(nA,1+1), 1  i  N

?
A,1,

wj+1
i

:=
⇣
Bj#wj

(i�1)·(nA,j+1+1)+k

⌘>

1knA,j+1+1
, 1  i  N

?
A,j+1, 1  j  m � 1
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, 1  i  N

?
A,j+1, 1  j  m � 1
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Fast Downward–Closed Transform

Tube Projections

Figure: Illustration of the second tube projection of A3,5,2
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Fast Downward–Closed Transform

Tube Projections

⌅ = (0, 0, 0)+H3,2, ⌅ = (0, 0, 1)+H3,2, ⌅ = (0, 0, 2)+H3,2, ⌅ = (0, 0, 0)+H3,3.

Figure: Illustration of tube projections of A3,2,1
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Fast Downward–Closed Transform

Proposition(Am,n,p–Construction)

Let m, n 2 and p 2 [0,1]. To construct Am,n,p , it takes

(1 + m,n,p) · |Am,n,p | := |Am,n,p |+ |Am�1,n,p |+ . . .+ |A1,n,p |.

Especially
m,n,0 2 ⇥(m), m,n,1 2 ⇥(n/m), m,n,1 2 ⇥(1).

Proposition(A–Construction)

We define the carry–overhead–factor as

A := N
�1
A

mX

i=2

��Tm,i (A)
�� 2 [0,m � 1].

To construct Tm(A), it requires (1 + A) · NA steps.

Proposition(m,n,p–Bound)

For m 2 , n > 4 · (m + 1) and p 2 (1,1)

m,n,p 
p
e ⇡ 1.65.
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Fast Downward–Closed Transform

Proposition

For any non-empty finite downward–closed sets A ⇢ A
0
⇢

m

0 , the map �m is
well-defined through

(T ,T 0) := (Tm(A), Tm(A
0))

�m
7! 'A,A0 := colexA0 � colex�1

A
.

Further, values of the map �m can be computed in O(NA · (1 + A)).

Example

For instance 'A,A0 with A = A3,2,1 and A
0 = A3,2,1 is given by:

(c1, c2, c3, c4, c5, c6, c7, c8, c9, c10)
7�!

(c1, c2, c3, c4, c5, 0, c6, 0, 0, c7, c8, 0, c9, 0, 0, 0, 0, 0, c10, 0, 0, 0, 0, 0, 0, 0, 0)

Proposition

The backward transformation matrix BA, its inverse FA, and the di↵erentiation matrix
DA can be expressed as

FA = '
A,A⇤ F

A⇤ , BA = '
A,A⇤ B

A⇤ , DA,i = '
A,A⇤ D

A⇤,i ,

where '
A,A⇤ is interpreted as a matrix.
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Fast Downward–Closed Transform

Volume Projections

Figure: Illustration of the second volume projection of A3,5,2
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Fast Downward–Closed Transform

Volume Projections

⌅ = (0, 0, 0)+H3,2, ⌅ = (0, 0, 1)+H3,2, ⌅ = (0, 0, 2)+H3,2, ⌅ = (0, 0, 0)+H3,3.

Figure: Illustration of volume projections of A3,2,1
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Fast Downward–Closed Transform

m = 4, n = 2, p = 1
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Fast Downward–Closed Transform

m = 4, n = 2, p = 1

Fast `p Transformation

Given {(p� , f�)}�2Am,n,p ⇢
m+1, the parameters {c↵}↵2Am,n,p ⇢ such that

8� 2 Am,n,p :
X

↵2Am,n,p

c↵ · Q↵(p�) = f� ,

can be computed in

O(|Am,n,p| ·m · n · m,n,p) ⇢ O(|Am,n,p| ·m · n),

for n > 4 · (m + 1).
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Numerical Experiments

Interpolation of Runges Function

Definition (modified Runge function)

f : [�1, 1]m !, x 7!
1

1 + 9 · kxk2

We benchmark against

ApproxFun1in 2D

ChebFun2in 3D

1Sheehan Olver and Alex Townsend, 2014
2Trefethen, Lloyd N. and others, 2023
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Numerical Experiments

Interpolation of Runges Function

Figure: Benchmark Runge function 2d

(a) ApproxFun package (b) Fast `2 Newton transformation
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Numerical Experiments

Interpolation of Runges Function

Figure: Benchmark Runge function 2d

(a) ApproxFun package (b) Fast `2 Newton transformation
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Numerical Experiments

Interpolation of Runges Function

Figure: Benchmark Runge function 3d

(a) ChebFun package (b) Fast `2 Newton transformation
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Numerical Experiments

Interpolation of Runges Function

Figure: Benchmark Runge function 3d

(a) ChebFun package (b) Fast `2 Newton transformation
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Numerical Experiments

Interpolation of Runges Function

Figure: Benchmark Runge function 4d

(a) Fast `2 Newton transformation
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What is next?

Soon: PyPI Release of lpFun providing Fast `p Transform for Newton,
Chebyshev and Fourier basis including spectral `p di↵erentiation

Replace/Extent Numba by C++ (2x - 10x Speedup expected)

Di↵erential geometry : Spectral `p methods based on the hierarchical
Poincaré-Steklov method – Gentian Zavalani (CASUS) & Dan Fortunato
(CCM, Flatiron Institute, NYC)

Gierer-Meinhardt Reaction Di↵usion Model – Prof. Grzegorz Plebanek

6-7d Fokker-Planck / Kohn-Sham equation – Dr. Petr Cagaš (CASUS)
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Poincaré-Steklov method – Gentian Zavalani (CASUS) & Dan Fortunato
(CCM, Flatiron Institute, NYC)

Gierer-Meinhardt Reaction Di↵usion Model – Prof. Grzegorz Plebanek

6-7d Fokker-Planck / Kohn-Sham equation – Dr. Petr Cagaš (CASUS)
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Thank you for your attention!
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