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Let T := (p1, p2, p3) be a non-degenerate triangle. The Hammer-Stroud
quadrature rules are defined as (Hammer, Stroud MTAC 1956)

o Qusplf] == %| T|(f(t12) + f(t22) + f(t32))
© Qus3lf]:=|T| (35 (f(t13) + f(ta3) + f(t33)) — Z5F(pc))

satisfy
QHs,z[P]Z/TPa VpeP,;, and QHS,3[P]:/TPa VpePs
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@ @ Is the Hammer-Stroud quadrature rule Qus 2 still exact for the
larger space S1, where dim(S;1) > dim(P2)?

e @ Is the Hammer-Stroud quadrature rule Qus 3 still exact for the
larger space Sy, where dim(Sz) > dim(IP3)?
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@ @ Is the Hammer-Stroud quadrature rule Qus 2 still exact for the
larger space S1, where dim(S;1) > dim(P2)?

e @ Is the Hammer-Stroud quadrature rule Qus 3 still exact for the
larger space Sy, where dim(Sz) > dim(IP3)?

The answer is positive :
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Macro-element spIinesI

Let T; be a split of a triangle T into ¢ sub-triangles. The spline space of
global smoothness r and degree d is defined as:

Sg(Te) ={seC'(T); spePqg VAT

CT-3-split (Clough, Tocher 1965 ) PS-6-split (Powell, Sabin 1977 )
#S(T3) = #P3 + 2 #8S3 (Te) = #P2 + 3
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Macro-element spIinesI

) S%(T3):P3®{D1, Dz} ) S%(Tﬁ):PZ@{D]_, D2, D3}

° D,-ECl,and D,-|A€P3 o D,'ECl, and D,'|A€]P>2

° Di|micro—edge =0, & fT D;i =0 ° Di|micro—edge =0, & fT D; =
Bartor, Kosinka 2019 Bartori, Kosinka 2019
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Macro-element spIinesI

] S%(T3):P3@{D1, Dz} () S%(TG):]P)Z@{D]_, D2, D3}

° D,-ECl,and D,-|A€P3 o D,'GCl, and D,'|A€]P>2

L Di|micro—edge =0,& fT D;=0 L Di|micro—edge =0,& fT D;i=0
Bartori, Kosinka 2019 Bartoii, Kosinka 2019

This technique cannot be generalized to cases involving high degrees
or multiple variables.
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Simplex spIineI

Let:

o Vi,...,V4,3 € R? be a sequence of knots.
o V= {Vl,...,Vd+3} C R2.

0= <\71, . ,\7d+3> be a simplex in R9+2.

M:R92 — R? be the projection of © into R? satisfies

r|<\7,-)=v,~, i=1,....d+3.

The unit integral bivariate simplex Sy can be defined geometrically as
follows
_voly (6NN~ (x))

Sv(x): volgs2 (©)
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Simplex spline I

The simplex Sy meets some useful properties:

e Sy is a non-negative spline of degree < d and support (V).
e For d =0 we have

1 : °
Sy — | A if x e (V)~,
0, if x & (V)°,
e Local smoothness: The simplex Sy is C9*1=# continuous across a

knot line, where p is the number of knots including multiplicity on
that knot line.

pP3 P3 P3

P23 P23 P23

1 P2, p1 P2_, p1 P2_,
5}[:31[31192,%@23] eC 5[P1[211P2[211P31P23] eC S[P1,p2[2],p3[2],P23] eC

p[¢] := p is repeated ¢ times. £ J tor VERGATA
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Simplex spline I

The simplex Sy meets some useful properties:

e Sy is a non-negative bivariate piecewise polynomial of total degree
< d and support (V).

e For d = 0 we have

SV _ m, |f X € <V>O
0, if x ¢ (V)°,

where (V) marks the open convex hull of the knots sequence V.

e Local smoothness: The simplex Sy is C9*1=# continuous across a
knot line, where p is the number of knots including multiplicity on
that knot line.

e A normalized simplex spline is defined by:
Area (V)
(d+2)
2
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Simplex spline: Knot insertion'

For any p € R?, and any f1, ..., 3443 € R such that p = Zd+3 Bipi,
Zd+3 Bi =1, it holds

d+3
Nips....pa13] = ZBIN[le-de-%—&P]\Pi'
i=1
Examples:
e 1D: 2 1
Niogs1.11 = 5 Nopp, 11 + §N0[3],%]
/ /A\\
BN L
3 3
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Simplex spline: Knot insertion'

For any p € R?, and any f, ..., 3443 € R such that p = Zd+3 Bipi,
938, =1, it holds

d+3

Nips.....pa13] = Zﬁ"N[Pl,m,pd+a,p]\pr
i=1

Examples:
@ 2D: p = a1p1 + aopa + asps,

Nip. [a1,p121,ps[311 = 1 Nipy[3],p212],ps131,p] T2 Nipa 4], p2,ps[3],p] + 3 Nipy 4], pa[2],ps[2],p]
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Simplex spline: Notation'

Let T = (p1, p2, p3) represent a non-degenerate triangle, where

pe = PAFP2EP3 genotes the barycenter of T, and p;; = 22® represents the
3 J 2

midpoint of the edge (p;, pj). The following notation is considered:

o CT-3-split:
Eg: = N[p1[l],P2[]]yP3[k]vPc[£]]
% = Nip1[1],p2ljl p3[K].p1.214],p2 3[m]ps.117]
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Symmetric quadrature ruIesI

Here we are interested in integrals of the form

/T f(x)dx,

where f is a given function on the triangle T. Let n€ N, n> 0 and a
function space S be given. We denote by

Qns(f) == Area(T) z": wif(t;)
i=1

an n-node QR that is exact for any function in the space S, i.e.,

Qns(f) —/ f(x)dx forall f €S.
T

The points t; € T, are the nodes of Q,s and w; are the c&@spondimgcATA
weights. SR Esarsiinaai v S AA
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Symmetric quadrature ruIesI

A QR Qs is said to be symmetric if it maintains its properties under
rotation around the barycenter and reflection with respect to the medians
of the triangle. Namely, if t (a1, a2, a3) is a node of Qs with the
corresponding weight w, then for every permutation N of (a1, ap, a3), the
node tp (M (o1, ao, a3)) is also a node of Q, s with the same weight w.

e type-O-orbit t(1/3,1/3,1/3)
e type-l-orbit t (1 — 2, o, @)
° type—2—orbit t(avﬁa’y =l-a- ﬂ) (O[ 7é /8 ?é 7)
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Symmetric quadrature ruIesI

e type-O-orbit t(1/3,1/3,1/3)
e type-l-orbit t (1 — 2, o, @)

6366J

e type-2-orbit t(a, B,y =1—a— ) (a« # B #7)
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Symmetric quadrature ruIesI

The notation Q[ 1, ], represents the QR that uses:
@ ng type-0 orbits,
@ n type-1 orbits,
@ np type-2 orbits.

The total number of nodes in this QR is given by

n=ng+3ny + 6n>.

NN

Ql0,1,01,P Q11,1,01,Ps Qlo,2,0,Ps Qlo,2,11,s
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For any 0 < p < d, we have

dim S (T3) = (p—;Z) +3(d p“) Zmax{p—i—l—QJ,O}

It holds:
#S371(T3) = #P3, + 2.

Examples:

S3(T3) = #P3+2, S3(T3)=#Ps+2, S5(T3)=#Py+2.
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CT-3-split: Simplex spline basis for S} (T3)I
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CT-3-split: Simplex spline basis for S} (T3)I

@ P3 = span
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CT-3-split: Simplex spline basis for S} (T3)I

@ P53 =span g , I+j+k=3

@ Knot insertion:

o llefe oo

TOR VERGATA

'UNIVERSITA DEGLI STUDI DI ROMA

Sy E T 9ac

S. Eddargani et al

Optimal Quadrature rules



CT-3-split: Simplex spline basis for S} (T3)

oszspan{ g , i+j+k:3}

@ Knot insertion:

N K SE K%

S3(T3) =span { & i+j+k:3} \&U {&
o) .
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CT-3-split: Simplex spline basis for Si (T3)

Theorem

Any quadrature rule Q[pn, n, n,],p; iS €xact on the spline space Si(T3).

@ Q[ny,nm,m],P; 1S €Xact on cubic polynomials

° Q["omu"z],]l’% = Q[no,ﬂl,nz],ﬂ’% = Q["07"1,"2]JP3 =

frdgb degb frdgb

Qlng,m,m],P3
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CT-3-split: Simplex spline basis for Sgﬁ_l (T3)

S¥~1(T3) =span g , i+ k=3rg\ g U g ,

Any quadrature rule Q[n, n, ] p,, iS €xact on the spline space S21(Ts). J

Theorem

3r

111111
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For any 0 < p < d, we have

dim S (Te) = (p—;Z) +6(d p“) Zmax{p—i—l—QJ,O}

It holds:
#8271 (To) = #Py, + 3.

Examples:

S5(Te) = #P2+3, S3(Te) = #Ps+3, Sg(Te)=#Ps+3.
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PS-6-split: Simplex spline basis for S} ( Ts)

@ P, = span &, i+j+k=2

&AM AA
A A A
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PS-6-split: Simplex spline basis for S} ( Ts)

oy o) By
s B BB
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PS-6-split: Simplex spline basis for S} ( Ts)

Theorem
Any quadrature rule Q[pn, n, n,]p, iS €xact on the spline space S (Te). J

® Qln,m,m],P, 1S €xact on quadratic polynomials

® Qng,ny,m) P, % = Qlng,m.,m]P & = Qlng,my,m] Py %
£ SUY  SUF X
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PS-6-split: Simplex spline basis for ng_l (Ts)

ol B
A AAM LM

Theorem }

Any quadrature rule Q[pn, n, n,],p, i €xact on the spline space S2r1(Ts) .
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Splines on uniformly refined tetrahedra'

Could we apply similar techniques to trivariate splines?
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Symmetric quadrature rules in R3I

If t (o1, a2, 3, 4) is a node of Qs with the corresponding weight w,
then for every permutation I of (a1, a2, a3, as), the node
tn (M (a1, a2, a3, a4)) is also a node of Q, s with the same weight w.

o type-O-orbit t(1/4,1/4,1/4,1/4)

e type-l-orbit t (1 — 3¢, o, o, @)

e type-2-orbit t(1 — 2o — 3, 5, a, @)
(.B,7,6=1—a—B—7) (a#B#vy#0)

> > B >
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Macro-element spIinesI

Let T, be a split of a tetrahedra T = (p1, p2, p3, pa) into ¢ sub-tetrahedra.
The spline space of trivariate global smoothness r and degree d is defined
as:

SQ(T[) = {SGCr(T); S|AE]P)d VAGTg}

AL-4-split (Alfeld FW-12-split (Farin WP-24-split
1984 ) Worsey 1987) (Worsey-Piper 1988)
#Slll (T4) = #P4 + 3 #S% (Tlg) = #P3; + 8 #S% (T24) = #P2 + 6
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AL-4- (SL(Ta)), FW-12- (Sk(Ti2)) & WP-24-split (S (Tos’

Theorem

e Any quadrature rule Qn, n, ny.ns)p, IS €xact on the spline space
Sk (Ta) (Alfeld).

e Any quadrature rule Qn, n, n,.ns]ps IS €xact on the spline space
Si(Ti2) (Farin-Worsey).

e Any quadrature rule Qn, n, n,.ns]p, IS €xact on the spline space
S3 (Ta4) (Worsey-Piper).
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AL-4- (SL(Ta)), FW-12- (Sk(Ti2)) & WP-24-split (S (Tos’

Theorem

e Any quadrature rule Qn, n, ny.ns)p, IS €xact on the spline space
Sk (Ta) (Alfeld).

e Any quadrature rule Qn, n, n,.ns]ps IS €xact on the spline space
Si(Ti2) (Farin-Worsey).

e Any quadrature rule Qn, n, n,.ns]p, IS €xact on the spline space
S3 (Ta4) (Worsey-Piper).

Thank you
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