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Variational approaches in imaging

Common setting

min S¢(u) + R.(u)
m 5/ fidelity functional for data f
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Variational approaches in imaging e

Common setting
min S¢(u) + R.(u)

m 5/ fidelity functional for data f
m R, regularization functional with parameter «

Examples Sr(u) Ra(u)
——
m [2-TV-denoising: min 1{|u — f]|3 +a TV(u)

[Rudin/Osher/Fatemi '92]
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Variational approaches in imaging

Common setting
min S¢(u) + R.(u)

m 5/ fidelity functional for data f
m R, regularization functional with parameter «

Examples Sr(u) Ra(u)
——
m [2-TV-denoising: min 1{|u — f|j3 + 2 TV(v)
[Rudin/Osher/Fatemi '92]
m S¢(u) = 1||Ku — f|]* ~ image reconstruction
m Ry(u) = [q o d|Vu| ~ weighted total variation
m R (u) = oy TV(u) + an TV?(u) ~» mixed-order TV
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Variational approaches in imaging

Common setting
min S¢(u) + R.(u)

m 5/ fidelity functional for data f
m R, regularization functional with parameter «

Examples Sr(u) Ra(u)
——
m [2-TV-denoising: min 1{|u — f|j3 + 2 TV(v)

[Rudin/Osher/Fatemi '92]
m S¢(u) = 1||Ku — f|]* ~ image reconstruction
m Ry(u) = [q o d|Vu| ~ weighted total variation
m R,(u) = a; TV(u) + ay TV?(u) ~ mixed-order TV
Parameter choice: How to find o?
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Data-driven parameter choice

Observation

m Different data require different parameters

Ju = o]
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1" Ground-truth
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Data-driven parameter choice e

Observation
m Different data require different parameters
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Data-driven parameter choice e
Observation
m Different data require different parameters
= ol ol el ol (el oo
: w0 R ' Ground-truth Noisy Denoised
Model

m «: Y — A parameter choice function
m Y data space, A parameter space

m Solve min S¢(u) + Rar)(u)
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UNI
Data-driven parameter choice e
Observation
m Different data require different parameters
5, \/ LU I T
: w0 R ' Ground-truth Noisy Denoised
Model

m «: Y — A parameter choice function
m Y data space, A parameter space

m Solve min S¢(u) + Rar)(u)
~» Obtain « using learning strategies
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Bilevel parameter learning

First idea Given
1 a training set {(u!, £)} ¢, of ground-truth/noisy images,
2 a prediction model FC{a:Y — A},

solve the bilevel problem

g2
8 o, Z"“ ol
u,‘-l( ") € arg min S¢(u) + Raegy(u) forall i

[De los Reyes/Schonlieb/Valkonen '17], [Kunisch/Pock '12]

«Fr «E> Bregman learning HPGCG TV parameter learning Conclusions K. Bredies 6/30


https://mathematik.uni-graz.at/en/
http://www.uni-graz.at

OPTIMIZATION DEPARTMENT OF MATHEMATICS
MSCA-ITN 2019 AND SCIENTIFIC COMPUTING
- - UNI
Bilevel parameter learning —

First idea Given
1 a training set {(u!, £)} ¢, of ground-truth/noisy images,
2 a prediction model FC{a:Y — A},

solve the bilevel problem
i g2
min - Z luf — o)1,
u,‘-l(’) € argmin S¢(u) + Ryry(u) forall i

[De los Reyes/Schonlieb/Valkonen '17], [Kunisch/Pock '12]
~> difficult to solve numerically
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Bilevel parameter learning —

First idea Given
1 a training set {(u!, £)} ¢, of ground-truth/noisy images,
2 a prediction model FC{a:Y — A},

solve the bilevel problem

o g2
min ZHU u ™1,
u® " € argmin Sg.(u) + Raegy(u) forall i

[De los Reyes/Schonlieb/Valkonen '17], [Kunisch/Pock '12]

~> difficult to solve numerically
~» employ Bregman relaxation
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Bregman divergences —
Definitions
m For F : X — R, proper, convex, Isc., £ € X* is a
subgradient at u, i.e., £ € OF(u), if
F(u)+ (&0 —u) < F(J) forall v € X
m For £ € OF (u), the Bregman divergence is
Di(v,u) = F(u!) = F(u) — (€, ' — u)
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Bregman divergences —
Definitions
m For F : X — R, proper, convex, Isc., £ € X* is a
subgradient at u, i.e., £ € OF(u), if
F(u)+ (&0 —u) < F(J) forall v € X
m For £ € OF(u), the Bregman divergence is
D, u) = F(u') — Fu) — (€. — u)
Examples
m F(u) = 3llu—fl3 ~ D (v u) = 3[v — ull3
= F(u) = 3| Ku— |5 ~ DF (' u) = J]|Ku' — Kull3
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Dual functional

m For F: X — R, proper, convex, Isc., the Fenchel dual F* is

F*(u*) = sup, (u*,u) — F(u) for all u* € X*
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Fenchel-Rockafellar duality

Dual functional
m For F: X — R, proper, convex, Isc., the Fenchel dual F* is

F*(u*) = sup, (u*, u) — F(u) for all u* € X*

Fenchel-Rockafellar duality
mFor F: X - Ry, G:Y — R, proper, convex, Isc.,
K : X — Y linear and bounded, we have

muin F(u) + G(Ku) = max —F* (—K*v) — G*(v)

under qualification conditions
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Fenchel-Rockafellar duality

Dual functional
m For F: X — R, proper, convex, Isc., the Fenchel dual F* is

F*(u*) = sup, (u*, u) — F(u) for all u* € X*

o

Fenchel-Rockafellar duality
mFor F: X - Ry, G:Y — R, proper, convex, Isc.,
K : X — Y linear and bounded, we have

min F(u) + G(Ku) = max —F*(—K"v) — G*(v)
under qualification conditions

Primal-dual gap
G(u,v) = F(u) + G(Ku) + F*(—K"v) + G*(v)
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Primal-dual optimality system

—K*v* € OF (u*), Ku* € 0G*(v*)
if and only if (u*, v*) is a primal-dual solution pair
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Bregman primal-dual gap —

Primal-dual optimality system
—K*v* € OF (u*), Ku* € 0G*(v*)
if and only if (u*, v*) is a primal-dual solution pair

Proposition [B./Chenchene/Hosseini '23]
G(u,v) = D" (u, u*) + D (—K*v, —K*v*)
+ DL (Ku, Ku*) + DR (v, v*)
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Proof

G(u,v) = F(u) + G(Ku) + F*(—K*v) + G*(v)
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Bregman primal-dual gap —

Proof
G(u,v) = F(u) + G(Ku) + F*(—K"v) + G*(v)
— F(u*) — G(Ku*) — F*(—K*v*) — G*(v")
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Bregman primal-dual gap —

Proof
G(u,v) = F(u)+ G(Ku) + F*(—K*v) + G*(v)
— F(u*) — G(Ku*) — F*(—K*v*) — G*(v")
—(—K*v,u—u") — (v, —K'v+ K*v")
—(v*,Ku — Ku*) — (Ku*,v — v")
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Bregman primal-dual gap —

Proof
G(u,v) = F(u)+ G(Ku) + F*(—K*v) + G*(v)
— F(u*) — G(Ku*) — F*(—K*v*) — G*(v")
—(—K*v,u—u") — (v, —K'v+ K*v")
—(v*,Ku — Ku*) — (Ku*,v — v")
=D (u, u*) + DE(—K*v, —K*v¥)
+ DE (Ku, Ku™) + D& (v, v*)
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Bregman primal-dual gap —

Proof
G(u,v) = F(u)+ G(Ku) + F*(—K*v) + G*(v)
— F(u*) — G(Ku*) — F*(—K*v*) — G*(v")
—(—K*v,u—u") — (v, —K'v+ K*v")
—(v*,Ku — Ku*) — (Ku*,v — v")
=D (u, u*) + DE(—K*v, —K*v¥)
+ DE (Ku, Ku™) + D& (v, v*)
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Bregman primal-dual gap i)
Proof

G(u,v) = F(u)+ G(Ku) + F*(—K"v) + G*(v)
— F(u*) — G(Ku*) — F*(—K*v*) — G*(v")
—(—K*v,u—u") — (v, —K'v+ K*v")
—(v*,Ku — Ku*) — (Ku*,v — v")

=D (u, u*) + DE(—K*v, —K*v¥)
+ DE (Ku, Ku™) + D& (v, v*)
L]

Consequence
min G(u,v) = D" (u, u*) + DL (Ku, Ku*)
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Bregman primal-dual gap —

Proof
G(u,v) = F(u)+ G(Ku) + F*(—K*v) + G*(v)
— F(u*) — G(Ku*) — F*(—K*v*) — G*(v")
—(—K*v,u—u") — (v, —K'v+ K*v")
—(v*,Ku — Ku*) — (Ku*,v — v")
=D (u, u*) + DE(—K*v, —K*v¥)
+ DE (Ku, Ku™) + D& (v, v*)

Consequence
min G(u,v) = D" (u, u*) + DL (Ku, Ku*)

~ use as loss function
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Bregman loss for parameter learning

UNI

m With F =5¢, G = R, and K identity
m G, duality gap associated with min $¢ + R,

Bregman loss
min Go(u,v) = Dgfv*(u, u*) + D (u, u*)
Dy ( u*) ~ data fidelity loss, e.g.,
Se(u) = 3llu—fl3 ~ D5 (u, u*) = 3llu — v*|3

[ DRQ( u*) ~ Bregman relaxation w.r.t. regularizer
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Bregman-relaxed parameter learning

Original bilevel problem
(

min — Z 1 H a(f
aEF

() ¢ arg min Se(u) + Ragry(u) for all i
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Bregman-relaxed parameter learning

Bregman-relaxed problem
(

min

1 K
f;‘
acF MZ%HUT_U’O[( )
i=1

a(f;) .
‘2 + ,Dl‘ga(ﬁ-)(ul]'L? ug(ﬁ)%

u® ") € argmin S(u) + Ruy(u)  for all i,

v,-a(f") € argmin S{(—v) + Ry (v) forall i
\ v ’

in the denoising case Sr(u) = [ju — |3

«F > <
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Bregman-relaxed parameter learning

Bregman-relaxed problem
(

min

1 K
f;‘
min 3 ol — 10
i=1

(!(fi) .
2+ Df o (ul, 0 ™),

u® ") € argmin S(u) + Ruy(u)  for all i,

v,-a(f") € argmin S{(—v) + Ry (v) forall i
\ v

in the denoising case Sr(u) = [ju — |3
Equivalent monolevel problem

min

Nt
1
aE-F’VIVn,VNt Nt ; ga(fl)(ul Y VI)

«F > <
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Convexity of relaxed problem

Bregman-relaxed problem
1 N
mi g T
F n . NUAY
QEF V1, VN, Ntz a(f,)( i )

i=1
m Objective is convex in many situations
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Convexity of relaxed problem

Bregman-relaxed problem

N
1
aEfT1I,?.,VNt Nt Z ga(f,‘)(u, ) VI)

i=1
m Objective is convex in many situations
Example

mF= {(all,M. Saul) | ag,
m R(u)=>

j=1 ajlu

.., Q) Z O}
i, |ulj ~ semi-norm regularizer
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UNI
Convexity of relaxed problem e
Bregman-relaxed problem
1 &
e z_; Ga(r)(U;, Vi)

m Objective is convex in many situations

Example
.f:{(alla"'7al\/ll)|Of1,...,OéMZO}
m Ry(u) = Z}‘il ajlulj, |ul; ~ semi-norm regularizer

M
: 2
ga(ﬁ-)(u;r? Vi) = L, %HU,T —filla + Z O‘J'|U,T|j
[wj iljx <oy j=1

+31fi + vills = 3116113
® |w;|j« ~ dual semi-norm ~~ jointly convex in v and v;
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Bregman learning for TV denoising —

Discrete TV denoising

Solve

u* =argmin I|u—fI]>+aTV(u),
ueR"

TV(u) = ||Vul|12 is a discrete total variation, a > 0

«F > <
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Bregman learning for TV denoising —

Discrete TV denoising

Solve

in lu—fI? +aTV(u),

TV(u) = ||Vul|12 is a discrete total variation, a > 0

u® =argm
ue

Primal-dual gap
Golu,v) = %Hu —f|l53+aTV(u) + %Hdiv v+ fl3
= 3115+ T e <y (v)
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Bregman learning for TV denoising —

Discrete TV denoising

Solve

in lu—fI? +aTV(u),

TV(u) = ||Vul|12 is a discrete total variation, a > 0

u® =argm
ue

Primal-dual gap
Golu,v) = %Hu —f|l53+aTV(u) + %Hdiv v+ fl3
= SIF12 + F- o 22y (V)
Equivalent learning problem

N¢
1
min D2 3ldivvi I+ a(f) TV())
[IVilloo,2<a(f;) i=1
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A quadratic prediction model

i=1

Ny
1 1
| Teljnf Nt E (§|]div v;+ﬁ||2+04(fi)TV(U,T))
Vit || Villoo,2 <a(f;)

it
v
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A quadratic prediction model L

T t“
Vi ||Villco,2<a(f}) i=1

N¢
1 1

Quadratic prediction model
n F={fr f*Af | A= 0} quadratic polynomials > 0
m f = (f,1) data with bias
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UNI
A quadratic prediction model L
- L < 2
min tz( | div v + £]]2 + a(f) TV(u ))
Vit || Villoo,2 <a(f;) i=1
Quadratic prediction model
m F = {f — f*Af | A= 0} quadratic polynomials > 0
m f = (f,1) data with blas
Convex TV parameter learning
1 a1
- |l divv; + ]| + £ AR TV(uf
i g 22 (a6l FAR TV ).
C={(Av=v,...v,))|A%=0, |Villcoz < F*AF; for all i}
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UNI
A quadratic prediction model L
- - < 2
min tz( | div v + £]]2 + a(f) TV(u ))
Vit || Villoo,2 <a(f;) i=1
Quadratic prediction model
m F = {f — f*Af | A= 0} quadratic polynomials > 0
m f = (f,1) data with blas
Convex TV parameter learning
1 a1
- |l divv; + ]| + £ AR TV(uf
i g 22 (a6l FAR TV ).
C={(Av=v,...v,))|A%=0, |Villcoz < F*AF; for all i}
Note C is unbounded and P is challenging
«Fr«E> Bregman learning HPGCG TV parameter learning Conclusions K. Bredies 15 /30
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Problem min f(u) + g(u) f,g € To(H), f smooth
ue
1 (Proximal gradient) Start from 1° and iterate
uk Tt = uk 0, (UF — u¥),  T* = prox

Tkg(uk — Tka(Uk))

[Goldstein '64], [Bruck '77], ...
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min f(u) + g(u) f,g € [o(H), f smooth
ue

1 (Proximal gradient) Start from 1° and iterate

uk Tt = k0, (UF — u¥), T = prox

Tkg(uk — Tka(Uk))
m  Robust convergence guarantees for all g € To(H)

[Goldstein '64], [Bruck '77], ...
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Problem min f(u) + g(u) f,g € To(H), f smooth
ue

1 (Proximal gradient) Start from 1° and iterate

Ut = UK 4 0, (0F — u¥), U = prox,  (uf — TV F(u¥))

m  Robust convergence guarantees for all g € To(H)
B prox, g can be costly

[Goldstein '64], [Bruck '77], ...
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Problem min f(u) + g(u) f,g € To(H), f smooth
ue
2 (Gen. conditional gradient) Start from u° and iterate
uk Tt = uk 40, (F—u¥), TF € arg mi2<Vf(
ve

u ), v)+g(v)
[Frank/Wolfe, '56], [B./Lorenz '08]
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Problem min f(u) + g(u) f,g € To(H), f smooth
ue

2 (Gen. conditional gradient) Start from u° and iterate
uk Tt = uk 40, (F—u¥), TF € arg mi2<Vf(uk), v)+g(v)
ve

m  Requires g (strongly) coercive

[Frank/Wolfe, '56], [B./Lorenz '08], ...
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Motivati =

Problem min f(u) + g(u) f,g € To(H), f smooth
ue

2 (Gen. conditional gradient) Start from u° and iterate
Ukt = yk 0 (TF—uk), TF € arg mi2<Vf(uk), v)+g(v)
ve
m  Requires g (strongly) coercive

m  Avoids prox,, o

[Frank/Wolfe, '56], [B./Lorenz '08], ...
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Motivati =

Problem min f(u) + g(u) f,g € To(H), f smooth
ue

2 (Gen. conditional gradient) Start from u° and iterate
Ukt = yk 0 (TF—uk), TF € arg mi2<Vf(uk), v)+g(v)
ve
m  Requires g (strongly) coercive

m  Avoids prox,, o

[Frank/Wolfe, '56], [B./Lorenz '08], ...

Can we combine the advantages of these
two methods in a new hybrid variant? ~~ HPGCG
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HPGCG: Idea

Problem miﬂ f(u)+ g(u) f,g € To(H), f smooth
ue

Consider instead [B./Lorenz/Maass '04]
min (u) = 3lull + 3lullE + g(u),

where || u||% := (Pu, u) is the semi-norm? induced by P = 0
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HPGCG: Idea

Problem min f(u) + g(v) f,g € [o(H), f smooth

ueH

Consider instead [B./Lorenz/Maass '04]
min £(u) = 3]ullp +3]ull7 + g(u),
u ~—————
~ linearize

where || u||% := (Pu, u) is the semi-norm? induced by P = 0
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HPGCG: Ildea L

Problem min f(u) + g(v) f,g € [o(H), f smooth

ueH
Consider instead [B./Lorenz/Maass '04]

min £(u) = 3]ullp +3]ull7 + g(u),
— linearize
where || u||% := (Pu, u) is the semi-norm? induced by P = 0
Initialize: v° € dom(g)
for k:0,1,... do
Uk € arg m|n (VF(u*) = Puk vy + L|v)Z + g(v)

uktl =y —l—@k(u — uk)
end
ABFr «E)»
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HPGCG: A hybrid method —

If P>~ 0, then u*™! = vk + 6, (" — u¥), where:
0" = argmin (VF(u*) = Pu*,v) + 3|lv][7 + &(v)
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HPGCG: A hybrid method —

If P>~ 0, then u*™! = vk + 6, (" — u¥), where:
0" = argmin (VF(u*) = Pu*,v) + 3|lv][7 + &(v)

= argmin (P7IVF(u") — v, v)p + 3lIv][7 + g(v)
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HPGCG: A hybrid method —

If P>~ 0, then u*™! = vk + 6, (" — u¥), where:
0" = argmin (VF(u*) = Pu*,v) + 3|lv][7 + &(v)

= argmin (P7IVF(u") — v, v)p + 3lIv][7 + g(v)

—argmin v — (u* — PGB+ g(v).
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HPGCG: A hybrid method —

If P>~ 0, then u*™! = vk + 6, (" — u¥), where:
0" = argmin (VF(u*) = Pu*,v) + 3|lv][7 + &(v)

= argmin (P7IVF(u") — v, v)p + 3lIv][7 + g(v)
= argmin 3lv — (o~ PVAWH) 3+ g(v)

m If P > 0, we have preconditioned proximal gradient
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If P>~ 0, then u*™! = vk + 6, (" — u¥), where:
0" = argmin (VF(u*) = Pu*,v) + 3|lv][7 + &(v)

= argmin (P7IVF(u") — v, v)p + 3lIv][7 + g(v)
= argmin 3lv — (o~ PVAWH) 3+ g(v)

m If P > 0, we have preconditioned proximal gradient
m If P =0, we retrieve Gen. conditional gradient
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HPGCG: A hybrid method —

If P>~ 0, then u*™! = vk + 6, (" — u¥), where:
0" = argmin (VF(u*) = Pu*,v) + 3|lv][7 + &(v)
= argmin (PIVF(u") — u*,v)p + 3llv][5 + g(v)
ve
—argmin 1lv — ("~ PVAW)B + £(v)

m If P > 0, we have preconditioned proximal gradient
m If P =0, we retrieve Gen. conditional gradient

m If P =0 ~ hybrid proximal generalized conditional gradient
method (HPGCG)
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At k € N, HPGCG requires minimizing over H
Some remarks

v Hy(v) == (VF(u") = Pu¥,v) + 3lvIip + g (v).

m It requires 1| - |2 + g to be (strongly) coercive,

if g = I ~» assumption C bounded can be dropped
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At k € N, HPGCG requires minimizing over H

v Hy(v) o= (VF(u") = Puk,v) + 3 [IvIIE + g(v).

Some remarks
. 1 2 .
m It requires 3| - |5 + g to be (strongly) coercive,
if g = I ~» assumption C bounded can be dropped
m Hy(u*) =infHx <= u* minimizes f + g
~  D(u):= H,(u) —infH, residual

«Fr «E> Bregman learning HPGCG TV parameter learning Conclusions K. Bredies 21/30


https://mathematik.uni-graz.at/en/
http://www.uni-graz.at

TRAINING DATA-DRIVEN EXPERT SIN

TraDE-OPT A NRY] VZATION DEPARTMENT OF MATHEMATICS
MSCA-ITN 2019 AND SCIENTIFIC COMPUTING

HPGCG: Step-size L
At k € N, HPGCG requires minimizing over H

v Hy(v) o= (VF(u") = Puk,v) + 3 [IvIIE + g(v).

Some remarks
m It requires 1| - |2 + g to be (strongly) coercive,
if g = I ~» assumption C bounded can be dropped
m Hy(u*) =infHyx <= u* minimizes f + g
~  D(u):= H,(u) —infH, residual
m (Step-size) If Vf is L-Lipschitz, we choose
D(u¥) + L|luk — &k ||2
Oy = min{l, ( L)”tk2|_| e HP}
~ [B./Lorenz '08]
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HPGCG: Convergence result

Theorem [B./Chenchene/Hosseini "23]
Let f,g € [o(H) and P = 0 as before. Assume that

m 2| -||2 + g is (strongly) coercive

m Vfis L-Lipschitz
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HPGCG: Convergence result

Theorem [B./Chenchene/Hosseini "23]
Let f,g € [o(H) and P = 0 as before. Assume that

m 2| -||2 + g is (strongly) coercive

m Vfis L-Lipschitz

Let {u*}s, {0*}, be generated by HPGCG with a specific
step-size 6. Then
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HPGCG: Convergence result

Theorem [B./Chenchene/Hosseini "23]
Let f,g € [o(H) and P = 0 as before. Assume that

m 2| -||2 + g is (strongly) coercive

m Vfis L-Lipschitz

Let {u*}s, {0*}, be generated by HPGCG with a specific
step-size 6. Then

1 (f + g)(u¥) — inf(f + g) = o(k~*/3) monotonically
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HPGCG: Convergence result

Theorem [B./Chenchene/Hosseini "23]
Let f,g € [o(H) and P = 0 as before. Assume that

m 2| -||2 + g is (strongly) coercive

m Vfis L-Lipschitz

Let {u*}s, {0*}, be generated by HPGCG with a specific
step-size 6. Then

1 (f + g)(u¥) — inf(f + g) = o(k~*/3) monotonically
2 {u*}y, {t*}« are bounded and every weak cluster point
is a minimizer of f + g
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HPGCG: Convergence result

Theorem [B./Chenchene/Hosseini "23]
Let f,g € [o(H) and P = 0 as before. Assume that

m 2| -||2 + g is (strongly) coercive

m Vfis L-Lipschitz

Let {u*}s, {0*}, be generated by HPGCG with a specific
step-size 6. Then

1 (f + g)(u¥) — inf(f + g) = o(k~*/3) monotonically
2 {u*}y, {t*}« are bounded and every weak cluster point
is a minimizer of f + g

3 PY/2yk —~ PY2y* with u* minimizer of f + g

«Fr «E> Bregman learning HPGCG TV parameter learning Conclusions K. Bredies 22/30


https://mathematik.uni-graz.at/en/
http://www.uni-graz.at

<« >«

TRAINING DATA-DRIVEN EXPERTS IN
RE DX Gy OPTIMIZATION

MSCA-ITN 2019

Outline

DEPARTMENT OF MATHEMATICS

3 HPGCG for TV parameter learning
Optimization procedure

Numerical experiments

Bregman learning HPGCG TV parameter learning Conclusions

AND SCIENTIFIC COMPUTING

K. Bredies

23/30


https://mathematik.uni-graz.at/en/
http://www.uni-graz.at

TRAINING DATA-DRIVEN EXPERTS IN
Aol OPTIMIZATION
M

SCA-ITN 2019

DEPARTMENT OF MATHEMATICS
AND SCIENTIFIC COMPUTING

UNI
TV parameter learning: Optimization — E=&A
We consider ||(A, v)||% = M||A||? for some A > 0

«F > <«

it
v

Bregman learning HPGCG TV parameter learning Conclusions

K. Bredies 24 /30


https://mathematik.uni-graz.at/en/
http://www.uni-graz.at

TRAINING DATA-DRIVEN EXPERTS IN
R Xelg) OPTIMIZATION DEPARTMENT OF MATHEMATICS
MSCA-ITN 2019 AND SCIENTIFIC COMPUTING

TV parameter learning: Optimization

We consider ||(A, v)||% = M||A||? for some A > 0

The semi-linearized problem reads

o

min — & ;w(div Vi + £), vi)
1 & N K Aian2
o o TV (E @ F - a4+ S|
i=1

st: Ax0, |Vl < FAR Vie{l,...,N;}
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TV parameter learning: Optimization

UNI

We consider ||(A, v)||% = M||A||? for some A > 0

The semi-linearized problem reads

N
1
min — & ;w(div Vi + £), vi)
1 & N K Aian2
o o TV (E @ F - a4+ S|
i=1

st: Ax0, |Vl < FAR Vie{l,...,N;}

~ admits a closed form solution:
N¢
A = P (A = 5k D (TV(l) = TV(div v + ) 2 )
i=1
VE = V(div vk + £)/|V(div v} + £)| " AKF,
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m HPGCG turns into an efficient scheme:
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HPGCG for TV parameter learning

m HPGCG turns into an efficient scheme:

m  Computations up to numerical precision (no inner loops),
m Stronger convergence

Ak — A%, for some A*: 3v* : (v*, A*) is optimal
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HPGCG for TV parameter learning

m HPGCG turns into an efficient scheme:

m  Computations up to numerical precision (no inner loops),
m Stronger convergence

Ak — A%, for some A*: 3v* : (v*, A*) is optimal
Recall o : f — f*A*f is the predictor

m At present, we can only guarantee a o(k~/3) worst-case
rate
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Dataset composed of 101440 16 x 16-patches from 1109

cartoon images. To each patch we apply a Gaussian noise
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Dataset composed of 101440 16 x 16-patches from 1109
cartoon images. To each patch we apply a Gaussian noise

Implementation details
We set A = 50, stopping
criterion:  D(A%,vk) < 107*
reached in ~ 20k iterations
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Numerical experiments e

Dataset composed of 101440 16 x 16-patches from 1109
cartoon |mages To each patch we apply a Gaussian noise

Implementation details
We set A = 50, stopping
criterion:  D(A%,vk) < 107*
reached in ~ 20k iterations
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Numerical experiments

m The proposed model adaptively yields higher values for
flatter regions (e.g., the backgrounds) and lower values for
more complex parts of the images

Ground-truth Noisy

Denoised

Predicted parameters

0.03
0.02
%4
e\ 5
<O

T

'-,_.E!\
Yy
N
8

¥ { é 0.02
i i 0.03

0.02
Bregman learning HPGCG TV parameter learning Conclusions

0.03

K. Bredies

27/30


https://mathematik.uni-graz.at/en/
http://www.uni-graz.at

«F > <

TRAINING DATA-DRIVEN EXPERTS IN
RE DX Gy OPTIMIZATION

MSCA-ITN 2019

DEPARTMENT OF MATHEMATICS

AND SCIENTIFIC COMPUTING
Numerical experiments

m The proposed model adaptively yields higher values for
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Numerical experiments

m On average, the model performs better than constant
choices. As performance metrics, we consider

Nt Nt
1 1 :
MSE, == — > (af — a(£))?, MSE, = — > [[uf — u™|?
N ,-:1( () W, 2 luj = 4™

Constant a =7 10~*
n=1 n=268 n=720 n=19.3

MSE, 3.3910~* 18.56 10~ 18.42 10~* 18.08 10~* 17.17 10~*
MSE, 0.1529 0.6374 0.6312 0.6148 0.5729

Models Quadratic

Constant a =17 1073
n=>518 n=139 n=2713 n=373 n=100

MSE, 14.88107* 9.7910~* 4.9510~* 3.6210* 41.0810*
MSE, 0.4737 0.2917 0.1833 0.1777 0.4764

Models
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Conclusions and perspectives

We presented a new Bregman-learning framework
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Conclusions and perspectives

We presented a new Bregman-learning framework

.)

2 Learn proper, convex, Isc. regularizers
aTV

1 Investigate different models, (NNs,

learn o« >0 ~» g learn g € [4(H)
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1 Investigate different models, (NNs,
2 Learn proper, convex, Isc. regularizers

aTV leamma>0 ~» g learn g € y(H)
3 Better understand the loss function (connection to Weak
Optimal Transport)
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We presented a new Bregman-learning framework
1 Investigate different models, (NNs, ...)
2 Learn proper, convex, Isc. regularizers

aTV leamma>0 ~» g learn g € y(H)

3 Better understand the loss function (connection to Weak
Optimal Transport)

4 Devise stochastic hybrid methods for training
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We presented a new Bregman-learning framework

1 Investigate different models, (NNs, ...)
2 Learn proper, convex, Isc. regularizers
aTV leamma>0 ~» g learn g € y(H)

3 Better understand the loss function (connection to Weak
Optimal Transport)

4 Devise stochastic hybrid methods for training
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