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Motivation

Standard setup: Flow in a porous medium in domain Q c R¢, d € {1, 2, 3}, with
permeability a, flux v, effective pressure u:
v+ aVu =0 (Darcy’s law)
V -v =0 (mass conservation)
+ boundary conditions
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Standard setup: Flow in a porous medium in domain Q c R¢, d € {1, 2, 3}, with
permeability a, flux v, effective pressure u:
v+ aVu =0 (Darcy’s law)
V -v =0 (mass conservation) >
+ boundary conditions

—V - (aVu)=0 in$
+ boundary conditions

* Permeability a is not necessarily a static quantity!
« Carman-Kozeny: permeability a as a function of porosity ¢,
¢3

a(9) Naoma
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Motivation

Standard setup: Flow in a porous medium in domain Q c R¢, d € {1, 2, 3}, with
permeability a, flux v, effective pressure u:
v+ aVu =0 (Darcy’s law)
V -v =0 (mass conservation) >
+ boundary conditions

—V - (aVu)=0 in$
+ boundary conditions

* Permeability a is not necessarily a static quantity!

« Carman-Kozeny: permeability a as a function of porosity ¢,
¢3

(1—¢)*

 Porosity can spontaneously form solitary waves or channels
(e.g., rising magma),

a(p) ~ a

* Implications for geoengineering: e.g., reservoir safety, CO,
sequestration, geothermal energy,

IPOCKMARKS]
174 N

* Pockmarks: observed in seabed sediments as precursors to
earthquakes. (Christodoulou et al. 2003)

(in Rass et al. 2018)
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Full system of PDEs

Poroviscoelastic model in terms of porosity ¢ € (0, 1) and effective pressure u
(Conolly, Podladchikov 1998; Vasilyev et al. 2001; ...)
On domain Q C R?, d > 1,

06 =~(1-0)( 20w+ Qo)
_ LV a(Vu+ (1)) - 22,
ou=5(V-al)Tut -0~ 200}
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Full system of PDEs

Poroviscoelastic model in terms of porosity ¢ € (0, 1) and effective pressure u
(Conolly, Podladchikov 1998; Vasilyev et al. 2001; ...)

On domain Q C R?, d > 1,

RPN ()
06 =~(1-0)( 20w+ Qo)
_ L ER(C))
ou=5(V-al)Tut -0~ 200}
where
« a(d) = agd” with n € [2,4], b(d) = ™ with m > 1, T
g € R® and @ > 0 constant, 05 -
o monotonically increasing and positive ]
(non-constant o modelling decompaction weakening), 0.66 1
—1 0 1

U

(cf. Rass et al. 2019)
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Full system of PDEs

Poroviscoelastic model in terms of porosity ¢ € (0, 1) and effective pressure u
(Conolly, Podladchikov 1998; Vasilyev et al. 2001; ...)
On domain Q C R?, d > 1,

RPN ()
06 =~(1-0)( 20w+ Qo)
_ L ER(C))
ou=5(V-al)Tut -0~ 200}
where
c a(d) = agd™ with 1 € [2,4], b(¢) = 6™ with m > 1, R T
g € R?and Q > 0 constant, 05 -
o monotonically increasing and positive ]
(non-constant o modelling decompaction weakening), 0.05 i
—1 0 1

* Initial conditions ¢|,_, = ¢, u|,_y = uy,

Dirichlet or Neumann boundary conditions on w. !

(cf. Rass et al. 2019)
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Common simplifications

* Viscous limit case Q = 0,

06 =~(1-0) (2% + Qo 00 =~(1-0) 2
. (P W V4@ (Va st (1—a)g) — 2Oy
= &5 (7o) a1 0~ 10 0=V a(0)(Vu+(1=9)g) = 5
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Common simplifications

* Viscous limit case Q = 0,

8,6 = —(1— ¢) (%u + Qou )

1
ou = & (v a(9)(Vu+ (1— ¢)g) —

* Low-porosity approximation 1 — ¢ ~ 1,

06 =~(1=0) (2% u+ Qo)

o(u)

Byu = g(vaw)(vw 1—¢)g)—

b(¢)

0y = —(1— ¢)mu
o:v-a<¢><w+<1—¢>g>—%u
_1(g., RO
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Formation of channels

Typically of interest: nonsmooth initial porosity ¢,

(in Rass et al. 2019)
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Formation of channels

Results for purely viscous model () = 0) including shear stresses

i
(in Rass et al. 2019)
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Convergence?

l?l

l Sl |

nx = 64 x = 128 x = 512 0.8
ny = 128 y = 2! y = 1024

0.5
0.2
-0.1

logyo(¢/¢0)

h

nx,ny = 64 nx,ny = 128 nx,ny = 509
nz = 119 nz = 235 nz = 979

xr r xr

(in Rass et al. 2019)
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Basic difficulties with nonsmooth porosities

06 =~(1=9) (2%u+Qau ),
e (Va1 — o~ 29,
=5 (V-a@)Tur (1= 0)g) - 2%4).

* First issue: when 1 — ¢(t,-) € L>(Q) and d,u(t,-) € H (), how to make sense of
(1—¢)0u ?
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Basic difficulties with nonsmooth porosities

06 =~(1=9) (2%u+Qau ),
e (Va1 — o~ 29,
=5 (V-a@)Tur (1= 0)g) - 2%4).

* First issue: when 1 — ¢(t,-) € L>(Q) and d,u(t,-) € H (), how to make sense of
(1—¢)0u ?

* This problem disappears in the low-porosity approximation 1 — ¢ ~ 1,

O, = — (%u + Q@tu) ,
1

T

« Commonly used, but can lead to unphysical solutions with ¢ > 1.

) 9.

(V-M¢Xvu+g>————u

o(u)
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Basic difficulties with nonsmooth porosities
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Basic difficulties with nonsmooth porosities
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Basic difficulties with nonsmooth porosities
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Basic difficulties with nonsmooth porosities
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Logarithmic derivative

» Rewrite equation for ¢ with logarithmic derivative on left hand side
~» smooth transformation preserves regularity.

« With A := —log(1 — ¢), i.e. ¢ =1 — e, solve instead
o= — ("= L 0,
e o(u) )
1 b(1— e
ou = 0 (V ca(l —e ) (Vu+e?g) — ( J(j) )u) :

Note that ¢ € (0,1) precisely when \ € (0, c0).
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Logarithmic derivative
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Logarithmic derivative
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Logarithmic derivative
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Logarithmic derivative
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Logarithmic derivative

» Rewrite equation for ¢ with logarithmic derivative on left hand side
~» smooth transformation preserves regularity.

« With A := —log(1 — ¢), i.e. ¢ =1 — e, solve instead
b(l —e?)
8t)\:—( () u+Q8tu) :
A
o,u = %(V ca(l—e ) (Vu+ e ?g) — b(la(;) ) u) :

Note that ¢ € (0,1) precisely when \ € (0, c0).

* New general form of the problem (with either ¢ or \): with locally Lipschitz
functions «, 8, ¢,

Op = — iii; u— Qo,u,
1. y _ B
=5V ale) (vu+ g - 2 00).
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Well-posedness in the viscous limit case

Setting x(v) :=v/o(v),
Oy = —Bp)k(u), (0,) = ¢y,
0=V a(e)(Vu+((p)) — Ble)r(u), + Ezﬁfg‘rﬂydzg‘?‘:rhu
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Well-posedness in the viscous limit case

Setting x(v) :=v/o(v),
(

O0yp = —B(p)k(u), (0,°) = ¢y,
fficientl th
0=V - alp)(Vu+ C(0)) — Ble)r(u) T boundary data for u.

1st observation: Given ¢(t,-) € L>(2) ~» there exists a unique solution u[p(t, )] .
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Well-posedness in the viscous limit case

Setting x(v) :=v/o(v),
(

—B(p)k(u), ©(0,) = ¥y,

fficientl th
VeV dlen = plemt, + boundary deta for .

5’tg0
0

1st observation: Given ¢(t,-) € L>(2) ~» there exists a unique solution u[p(t, )] .

Notion of solution:

@@02%-/5@@%%M&D%,me€Mﬂ,
0
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Well-posedness in the viscous limit case

Setting x(v) :=v/o(v),
(

—B(p)k(u), ©(0,) = ¥y,

V- a(e)(Vu + C(9) — Ble)r(u) X sufficiently smooth

Opp
0 boundary data for w.

1st observation: Given ¢(t,-) € L>(2) ~» there exists a unique solution u[p(t, )] .

Notion of solution:

wmuz%—/MMawawm»nw,mmMeMﬂ,
0

~+ Picard iteration approach:

wWWOZ%—/BWWQOMWW“@HN&‘WdHEMﬂ-
0
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Well-posedness in the viscous limit case

Theorem (Bachmayr, B., Kreusser 2023)

Let o, € L>®(2) and d = 1,2. Then fora T > 0, there exists a unique solution
(¢,u) € C([0,T]; L>(€)) x C([0, T]; Hy ().

Theorem (Bachmayr, B., Kreusser 2023)

Let v, € C*1(Q), k € Ny. Then fora T > 0, there exists a unique solution
(¢, u) € C([0,T]; C*1(Q)) x C([0,T]; C*17(Q)) for any v € [0, 1).

Existence and uniqueness for small T'~» continuation up to maximal time of existence.
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Well-posedness in the viscous limit case

Theorem (Bachmayr, B., Kreusser 2023)

Let o, € L>®(2) and d = 1,2. Then fora T > 0, there exists a unique solution
(¢,u) € C([0,T]; L>(€)) x C([0, T]; Hy ().

Theorem (Bachmayr, B., Kreusser 2023)
Let v, € C*1(Q), k € Ny. Then fora T > 0, there exists a unique solution
(0, u) € C([0,T]; C*(Q)) x C([0,T]; C*17(Q)) for any vy € [0, 1).

Existence and uniqueness for small T'~» continuation up to maximal time of existence.

Forward Euler argument yields:

Theorem (Bachmayr, B., Kreusser 2023)

Let p, € BV(Q2). Then fora T > 0, there exists a solution
(p,u) € C([0,T];BV(Q)) x C([0,T]; Hy (2))-
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Well-posedness for the viscoelastic model

O = —B(p)k(u) — Qoyu, ©(0,+) = g
1 icien m initi
Oyu = 0 (V () (Vu+((p)) — 5(90)53(1”)) ) T Zl:\g Zgu:ga; d(;?;hfor ufal
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Well-posedness for the viscoelastic model

O = —B(p)k(u) — Qoyu, ©(0,+) = g
1 icien m initi
Oyu = 0 (V () (Vu+((p)) — 5(90)"3(1”)) ) T :l:\g %gu:za; d(;?;hfor ufal

As before: Given ¢ € L>*(Q;) ~ there exists a unique solution u[y] .
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Well-posedness for the viscoelastic model

O = —B(p)k(u) — Qoyu, ©(0,+) = g
1 icien m initi
Oyu = 0 (V () (Vu+((p)) — 5(90)"‘3<u>> ) T :l:\g %gu:gar? d(;?;hfor ufal

As before: Given ¢ € L>* () ~ there exists a unique solution u[y] .

Notion of solution ~ picard iteration approach as before:

o) = 0 — Qulg](t,) —ug) — [ (%5, ) m(ul )5, ) ds.
0
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Well-posedness for the viscoelastic model

O = —B(p)k(u) — Qoyu, ©(0,+) = g
1 icien m initi
Oyu = 0 (V () (Vu+((p)) — 5(@"3(“)) ) T :l:\g %gu:ga; d(;?;hfor ufal

As before: Given ¢ € L>* () ~ there exists a unique solution u[y] .

Notion of solution ~ picard iteration approach as before:
t
o) = 0 — Qulg](t,) —ug) — [ (%5, ) m(ul )5, ) ds.
0

Theorem (Bachmayr, B., Kreusser 2023)

If p, € C**(Q,) and u, € C+*(Q,) fori =1,...,m. Then for a
T > 0, there exists a unique solution
(,u) € Co (3, % [0,T]) x Cpsa (% x [0,T]) fori = 1,...,m.

(based on Dong, Xu 2021)
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Well-posedness for the viscoelastic model

O = —B(p)k(u) — Qoyu, ©(0,+) = g
1 icien m initi
Oyu = 0 (V () (Vu+((p)) — 5(@"3(“)) ) T :l:\g %gu:gaé d(;?;hfor ufal

As before: Given ¢ € L>* () ~ there exists a unique solution u[y] .

Notion of solution ~ picard iteration approach as before:
t
o) = 0 — Qulg](t,) —ug) — [ (%5, ) m(ul )5, ) ds.
0

Theorem (Bachmayr, B., Kreusser 2023)

If p, € C**(Q,) and u, € C+*(Q,) fori =1,...,m. Then for a @ 2
T > 0, there exists a unique solution
(pu) € Cpan (@ x [0,T]) x G (@ x [0, T fori=1,..om. [ (o |

(based on Dong, Xu 2021)
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Numerical method

Solve parabolic equation for fixed ¢

: (vx @) (V,u+C(0)) — B(g) —) Cu(0,) =y,

ou = —
TQ

Analysis and numerics of nonlinear PDE systems in porous media flow models | Simon Boisserée | October 29, 2024 12 of 18



Numerical method

Solve parabolic equation for fixed ¢

new
u

o urew — 1 (vx ) (V, a1 () — B(p)

: ) " (0,) = uy

J< uold )
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Numerical method

Solve parabolic equation for fixed ¢

ou =V, &(g)(Vyu +C(0) — Blg) =, u(0,") =,

o
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Numerical method

Solve parabolic equation for fixed ¢

~

ou =V, &(g)(Vyu +C(0) — Blg) =, u(0,") =,

o

using an adaptive space-time least-squares method for the linear subproblems.
(FUhrer, Karkulik 2021; Gantner, Stevenson 2021; 2024)
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Numerical method

Solve parabolic equation for fixed ¢

~

Uu
using an adaptive space-time least-squares method for the linear subproblems.
(FUhrer, Karkulik 2021; Gantner, Stevenson 2021; 2024)
Idea: Consider equivalent system

div(u,n) + ()= 0
Glun)=| ,rapve |= | ¥e6)|=R,
(0, ) Ug
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Numerical method

Solve parabolic equation for fixed ¢

~

u =V, @(g)(Vyu + () — Blg) —,  u(0,-) =u,

o

using an adaptive space-time least-squares method for the linear subproblems.
(FUhrer, Karkulik 2021; Gantner, Stevenson 2021; 2024)

Idea: Consider equivalent system

div(u,n) + ()= 0
Glun)=| ,rapv.e |= | ¥G)|=R,
u (0, ) Uy

and compute

(us,ms) = argmin| G (vs, p15) — Rl 120, x 12000 RO < 22(2) 5
(vs:15)EUs

for a suitably chosen subspace U; C U := (L*(0,T; H () x L*(Q;;RY)) N Hyg, () -
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Numerical method

Solve parabolic equation for fixed ¢

~

u =V, @(g)(Vyu + () — Blg) —,  u(0,-) =u,

o

using an adaptive space-time least-squares method for the linear subproblems.
(FUhrer, Karkulik 2021; Gantner, Stevenson 2021; 2024)

Idea: Consider equivalent system

div(u,n) + ()= 0
Glun)=| ,rapv.e |= | ¥G)|=R,
u (0, ) Uy

and compute

(us,ms) = argmin| G (vs, p15) — Rl 120, x 12000 RO < 22(2) 5
(vs:15)EUs

for a suitably chosen subspace U; C U := (L*(0,T; H () x L*(Q;;RY)) N Hg, (Q) -

Residual is a reliable nonlinear error estimator ~ adaptive refinement & error control.
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Numerical method

Motivation: fixed point iteration for mild solution of ¢:

" (2, -) :goo—i—Q(u[(po'd](t,-)—uo)—/ B(9%(s,-) ) r(u[™](s,-)) ds.
0
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Numerical method

Motivation: fixed point iteration for mild solution of ¢:
t
L) = 0+ QuIp)(t,) — o) — | B(p™(s)) n(ulp](5,)) s
0

Discretization by space-time polynomial ansatz:

p5" (t,) =¢0+Q(u5[<ﬁ§"’](t7-)—u0)—/ B(3%(s,-) ) k(us [¢§9](s,-)) ds.
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Numerical method

Motivation: fixed point iteration for mild solution of ¢:
t
L) = 0+ QuIp)(t,) — o) — | B(p™(s)) n(ulp](5,)) s
0

Discretization by space-time polynomial ansatz:

A1) = 0+ QUus [0891(8) — o) — | T(B(f(s:)) m(us [91(5, 1)) .
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Numerical method

Motivation: fixed point iteration for mild solution of ¢:
t
L) = 0+ QuIp)(t,) — o) — | B(p™(s)) n(ulp](5,)) s
0

Discretization by space-time polynomial ansatz:

adaptive L?(Q) projection interpolation with high-order polynomials

l ;]
o (t,-) = H(SOOJFQ(Ua[SOfs"d](t,')—uo)—/ 7(5(902“(8,-))&(%[gogld](s,-))>ds) .
0
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Numerical method

Motivation: fixed point iteration for mild solution of ¢:
t
L) = 0+ QuIp)(t,) — o) — | B(p™(s)) n(ulp](5,)) s
0

Discretization by space-time polynomial ansatz:

adaptive L?(Q) projection

! t
(L) = H(soo +Qug [ ) — o) — [ 7(5(%s, ) s [1(5. ) ds) -
0

Can prove convergence of this approach if we assume |V, u[p]|| «(q,) < C' < oo.

Proof sketch:
* Show Lipschitz-estimate for the parabolic solution operator w.r.t. |-| ;2. ),
* Perturbed fixed-point iteration results yield convergence of the discrete iteration,
* For time slices a slightly adapted norm is needed to control terminal errors. (Bachmayr, B. 2024)

Analysis and numerics of nonlinear PDE systems in porous media flow models | Simon Boisserée | October 29, 2024 13 of 18



Numerical method

Motivation: fixed point iteration for mild solution of ¢:
t
L) = 0+ QuIp)(t,) — o) — | B(p™(s)) n(ulp](5,)) s
0

Discretization by space-time polynomial ansatz:

adaptive L?(Q) projection

l ;
wie(t, ) = H<900+Q(U5[90§|d](t7')—U())—/ 7<5(90§|d(s,-))/1(u5[gog'd](s,-))>ds) .
0

Can prove convergence of this approach if we assume |V, u[p]|| «(q,) < C' < oo.

Proof sketch:
* Show Lipschitz-estimate for the parabolic solution operator w.r.t. |-| ;2. ),
* Perturbed fixed-point iteration results yield convergence of the discrete iteration,
* For time slices a slightly adapted norm is needed to control terminal errors. (Bachmayr, B. 2024)

Adaptive space-time method ~~ local time-steps.
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Numerical tests

“Realistic” parameter choice:

Q = (0,20) km
1.0 1
T=1.5Myr — 0 (
a(p) = 1000 (1 — exp(—¢p))?
Ble) = (1 —exp(—yp))? 0.5 1
((p) = exp(—p)
~ 107 + exp(10° w)

o(u) 1+ exp(103 u) 0.0 1, ! J. ! !

Q = 1/60 ~0.10 —0.05 0.00 0.05 0.10

U
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Numerical tests
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More adaptivity

Perturbed fixed-point iteration argument ~ adaptive choice of tolerances:

(L, ) = H(soo + QU8 ) — ) — | (585, (sl 8115 )) ds) .
0
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More adaptivity

Perturbed fixed-point iteration argument ~ adaptive choice of tolerances:

A ) = H(% + QUus [t — ) — | (885, w5 [689](5.)) ds) .
0
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More adaptivity

Perturbed fixed-point iteration argument ~ adaptive choice of tolerances:

¢
3 (t, ) = H(@o + Q(us [902"’ I(t, ) —ug) — / 7(5( 902"’(5, ) k(ug [gpg'd (s, ))) ds) .
0
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More adaptivity

Perturbed fixed-point iteration argument ~ adaptive choice of tolerances:

tol tol

proj int

e el
P (t,) = H<¢0+Q(Ua[<ﬁ§'d](tr)—Uo)— / J(ﬁ(tpgld(S,-))ﬁ:(u&[gog'd](s,-))>ds) |
0
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More adaptivity

Perturbed fixed-point iteration argument ~ adaptive choice of tolerances:

tol,,,

e el
P (t,) = H<¢O+Q(u5[so§'d]<t,->—uo>—/ 7(5(@2"’(3,-))/ﬁ:(u(;[go‘g'd](s,-)))ds) |
0

ldea: < Set tolgp, guess initial Lipschitz constants Lgp and L,
» Choose other tolerances adaptively,

» Optional: Update Lipschitz constants.
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More adaptivity

Perturbed fixed-point iteration argument ~ adaptive choice of tolerances:

tol,,,

e el
P (t,) = H<¢0+Q(Ua[<ﬁgld](ta')—Uo)—/ 7(5(@2"’(8,-))/ﬁz(u(;[go‘g'd](s,-))>ds) |
0

ldea: < Set tolgp, guess initial Lipschitz constants Lgp and L,
» Choose other tolerances adaptively,

» Optional: Update Lipschitz constants.

Example: Discontinuous 1d problem from before,
polynomial degree 3 in space and time.

Analysis and numerics of nonlinear PDE systems in porous media flow models | Simon Boisserée | October 29, 2024 17 of 18



More adaptivity
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Viscous limit

Same method essentially works in the viscous limit case:

 Solve elliptic equation for fixed ¢:
0=V, alp)(V,u+((p) —Bp) -

a(u)
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Viscous limit

Same method essentially works in the viscous limit case:

* Solve elliptic equation for fixed ¢:

0=V, alp)(V,u"™ + ((¢)) — B(p)

unew

o 1,0l ) '
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* Solve elliptic equation for fixed ¢:

0=V, ale)(V,u +((¢)) — B(p)
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Viscous limit

Same method essentially works in the viscous limit case:

* Solve elliptic equation for fixed ¢:

0=V, alp)(V,u +((p)) — B(p)

 Consider equivalent system

R VAR 0 _.
) (77+62(90)qu) (—&(so)C(s&)) B

Ql | &
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Viscous limit

Same method essentially works in the viscous limit case:

* Solve elliptic equation for fixed ¢:

0=V, alp)(V,u +((p)) — B(p)

 Consider equivalent system
_ ([ div,(n) + Blp)= _( 0 ):,

(ug,ms5) = argmin |G (v;, pig) — R”L2(QT)><L2(QT;[Rd) ;
(v5:15) €U

for a suitably chosen subspace U; C U := L*(0,T; H'(Q)) x L*(0,T; Hyy, (2)) .

Ql | &

and compute
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Viscous limit

Same method essentially works in the viscous limit case:

 Solve elliptic equation for fixed ¢:

0=V, alp)(V,u +((p)) — B(p)

 Consider equivalent system

R A R 0 _.
el (n+&(90)vxu) (_&@)C(w) B

and compute

Ql | &

(ug,ms5) = argmin |G (v;, pig) — R”L2(QT)><L2(QT;[Rd) ;
(vs5115) €U
for a suitably chosen subspace U; C U := L*(0,T; H'(Q)) x L*(0,T; Hgy, (2)) .

* As before do discretized fixed-point iteration for ¢:

o(t,) = gy — / Blg(s, ) klu(s, ) ds
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Viscous limit

Same method essentially works in the viscous limit case:

 Solve elliptic equation for fixed ¢:

0=V, alp)(V,u +((p)) — B(p)

 Consider equivalent system

R A R 0 _.
el (n+&(90)vxu) (_&@)C(w) B

and compute

Ql | &

(ug,ms5) = argmin |G (v;, pig) — R”L2(QT)><L2(QT;[Rd) ;
(vs5115) €U
for a suitably chosen subspace U; C U := L*(0,T; H'(Q)) x L*(0,T; Hgy, (2)) .

* As before do discretized fixed-point iteration for ¢:

o(t,) = gy — / Blo(s, ) w(ulip(s, )] ) ds.
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Viscous limit

Same method essentially works in the viscous limit case:

 Solve elliptic equation for fixed ¢:

0=V, alp)(V,u +((p)) — B(p)

 Consider equivalent system

R A R 0 _.
el (n+&(90)vxu) (_&@)C(w) B

and compute

Ql | &

(ug,ms5) = argmin |G (v;, pig) — R”L2(QT)><L2(QT;[Rd) ;
(vs5115) €U
for a suitably chosen subspace U; C U := L*(0,T; H'(Q)) x L*(0,T; Hgy, (2)) .

* As before do discretized fixed-point iteration for ¢:

SOVt ) = gy — / B9 (s,-)) (ul 0¥9(s,-)]) ds.
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Viscous limit

“Realistic” parameter choice:
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Viscous limit
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Viscous limit
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Viscous limit
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Viscous limit
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Viscous limit
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Viscous limit
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