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Approaches for 3D Deep-Learning

View-based Volumetric

Intrinsic (surface-based) Point-based



Tasks for intrinsic deep learning

“Deciphering interaction fingerprints from protein molecular surfaces 
using geometric deep learning”, P. Gainza et al. Nature Methods 2020



Some Applications

4

V. Mallet, S. Attaiki, Y. Miao, B. Correia and M Ovsjanikov. "AtomSurf: Surface Representation for 
Learning on Protein Structures." arXiv preprint arXiv:2309.16519 (2023).

Simultaneously using graphs and surfaces to learn protein-related tasks.



Some Applications
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Surface-based learning for predicting physical properties of complex shapes.

Data-driven energy prediction technique with DiffusionNet



Today: Deep Learning on 3D shapes

• Recap of CNNs and their properties

• Multi-view, extrinsic, projection-based approaches

• Spectral methods, pros and cons

• Intrinsic approaches

• Learning via diffusion



How to enable neural networks to 
operate directly on 3D surfaces?

Main question (for the rest of the lecture):



Spectral domain Deep Learning methods
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Discrete manifolds

Nearest neighbor graph Triangular mesh

Vertices V = {1, . . . , n}

Edges E ✓ V ⇥ V

Vertices V = {1, . . . , n}

Edges E ✓ V ⇥ V

Faces F = {(i, j, k) 2 V ⇥ V ⇥ V :
(i, j), (j, k), (k, i) 2 E}

Manifold mesh = each edge is shared
by 2 faces + each vertex has 1 loop

Discrete surfaces



Fourier Bases

Fourier basis on a periodic domain [0, 1]: 

Classical result: any (sufficiently “nice”) function can be 
written as a linear combination of Fourier basis functions:



Fourier basis on a periodic domain [0, 1]: 

Classical result: any (sufficiently “nice”) function can be 
written as a linear combination of Fourier basis functions:
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Laplace-beltrami eigenfunctions

Eigenfunctions of the Laplacian matrix.

Generalization of Fourier to graphs and surfaces.

Ordered by eigenvalues and provide a natural 
notion of frequency (scale). 

�0 = 0
<latexit sha1_base64="7Pfrq6ycKbV/xLpzm9XC3t1+LZE=">AAACIXicbVBNS8NAEN34WetX1KOXxSKISElE0ItQ1IMXUcFqoQllsp3Wxc0m7G6EEvpLPKo/xpt4E3+KFzc1B7U+WHi8eTM786JUcG08792ZmJyanpmtzFXnFxaXlt2V1WudZIphkyUiUa0INAousWm4EdhKFUIcCbyJ7o6L+s09Ks0TeWUGKYYx9CXvcQbGSh13ORDW3IWORw+pR6sdt+bVvRHoOPFLUiMlLjruZ9BNWBajNEyA1m3fS02YgzKcCRxWg0xjCuwO+ti2VEKMOsxHiw/pplW6tJco+6ShI/VnRw6x1oM4ss4YzK3+WyvE/2rtzPQOwpzLNDMo2fdHvUxQk9AiBdrlCpkRA0uAKW53pewWFDBjs6oGJ2hvUXhm556nqMAkajsPQPVjLof2tn6wU7AiLf9vNuPkerfue3X/cq/WOCpzq5B1skG2iE/2SYOckgvSJIxk5IE8kWfn0XlxXp23b+uEU/askV9wPr4ACpiiQA==</latexit><latexit sha1_base64="7Pfrq6ycKbV/xLpzm9XC3t1+LZE=">AAACIXicbVBNS8NAEN34WetX1KOXxSKISElE0ItQ1IMXUcFqoQllsp3Wxc0m7G6EEvpLPKo/xpt4E3+KFzc1B7U+WHi8eTM786JUcG08792ZmJyanpmtzFXnFxaXlt2V1WudZIphkyUiUa0INAousWm4EdhKFUIcCbyJ7o6L+s09Ks0TeWUGKYYx9CXvcQbGSh13ORDW3IWORw+pR6sdt+bVvRHoOPFLUiMlLjruZ9BNWBajNEyA1m3fS02YgzKcCRxWg0xjCuwO+ti2VEKMOsxHiw/pplW6tJco+6ShI/VnRw6x1oM4ss4YzK3+WyvE/2rtzPQOwpzLNDMo2fdHvUxQk9AiBdrlCpkRA0uAKW53pewWFDBjs6oGJ2hvUXhm556nqMAkajsPQPVjLof2tn6wU7AiLf9vNuPkerfue3X/cq/WOCpzq5B1skG2iE/2SYOckgvSJIxk5IE8kWfn0XlxXp23b+uEU/askV9wPr4ACpiiQA==</latexit><latexit sha1_base64="7Pfrq6ycKbV/xLpzm9XC3t1+LZE=">AAACIXicbVBNS8NAEN34WetX1KOXxSKISElE0ItQ1IMXUcFqoQllsp3Wxc0m7G6EEvpLPKo/xpt4E3+KFzc1B7U+WHi8eTM786JUcG08792ZmJyanpmtzFXnFxaXlt2V1WudZIphkyUiUa0INAousWm4EdhKFUIcCbyJ7o6L+s09Ks0TeWUGKYYx9CXvcQbGSh13ORDW3IWORw+pR6sdt+bVvRHoOPFLUiMlLjruZ9BNWBajNEyA1m3fS02YgzKcCRxWg0xjCuwO+ti2VEKMOsxHiw/pplW6tJco+6ShI/VnRw6x1oM4ss4YzK3+WyvE/2rtzPQOwpzLNDMo2fdHvUxQk9AiBdrlCpkRA0uAKW53pewWFDBjs6oGJ2hvUXhm556nqMAkajsPQPVjLof2tn6wU7AiLf9vNuPkerfue3X/cq/WOCpzq5B1skG2iE/2SYOckgvSJIxk5IE8kWfn0XlxXp23b+uEU/askV9wPr4ACpiiQA==</latexit><latexit sha1_base64="7Pfrq6ycKbV/xLpzm9XC3t1+LZE=">AAACIXicbVBNS8NAEN34WetX1KOXxSKISElE0ItQ1IMXUcFqoQllsp3Wxc0m7G6EEvpLPKo/xpt4E3+KFzc1B7U+WHi8eTM786JUcG08792ZmJyanpmtzFXnFxaXlt2V1WudZIphkyUiUa0INAousWm4EdhKFUIcCbyJ7o6L+s09Ks0TeWUGKYYx9CXvcQbGSh13ORDW3IWORw+pR6sdt+bVvRHoOPFLUiMlLjruZ9BNWBajNEyA1m3fS02YgzKcCRxWg0xjCuwO+ti2VEKMOsxHiw/pplW6tJco+6ShI/VnRw6x1oM4ss4YzK3+WyvE/2rtzPQOwpzLNDMo2fdHvUxQk9AiBdrlCpkRA0uAKW53pewWFDBjs6oGJ2hvUXhm556nqMAkajsPQPVjLof2tn6wU7AiLf9vNuPkerfue3X/cq/WOCpzq5B1skG2iE/2SYOckgvSJIxk5IE8kWfn0XlxXp23b+uEU/askV9wPr4ACpiiQA==</latexit>

�1 = 2.39
<latexit sha1_base64="oP7KL2BDzwAjdEP3R7k4sDuIiEg="></latexit><latexit sha1_base64="oP7KL2BDzwAjdEP3R7k4sDuIiEg="></latexit><latexit sha1_base64="oP7KL2BDzwAjdEP3R7k4sDuIiEg="></latexit><latexit sha1_base64="oP7KL2BDzwAjdEP3R7k4sDuIiEg="></latexit>

�2 = 3.11
<latexit sha1_base64="cvKSS1XcnpvSxp9aNHkL+gkwbbg="></latexit><latexit sha1_base64="cvKSS1XcnpvSxp9aNHkL+gkwbbg="></latexit><latexit sha1_base64="cvKSS1XcnpvSxp9aNHkL+gkwbbg="></latexit><latexit sha1_base64="cvKSS1XcnpvSxp9aNHkL+gkwbbg="></latexit>

�3 = 5.00
<latexit sha1_base64="AjbwUxmHroPVb51CkZZYp1vSW8k="></latexit><latexit sha1_base64="AjbwUxmHroPVb51CkZZYp1vSW8k="></latexit><latexit sha1_base64="AjbwUxmHroPVb51CkZZYp1vSW8k="></latexit><latexit sha1_base64="AjbwUxmHroPVb51CkZZYp1vSW8k="></latexit>

�4 = 7.31
<latexit sha1_base64="02qzCvIrrYpMmb0Tt5GIsF3hIe4="></latexit><latexit sha1_base64="02qzCvIrrYpMmb0Tt5GIsF3hIe4="></latexit><latexit sha1_base64="02qzCvIrrYpMmb0Tt5GIsF3hIe4="></latexit><latexit sha1_base64="02qzCvIrrYpMmb0Tt5GIsF3hIe4="></latexit>

Bruno Levy "Laplace-beltrami eigenfunctions towards an algorithm that" understands" 
geometry." IEEE International Conference on Shape Modeling and Applications 2006 (SMI’06).

L�i = �i�i



Eigenfunctions of the Laplacian matrix.

Generalization of Fourier to graphs and surfaces.

Ordered by eigenvalues and provide a natural 
notion of frequency (scale). 

Can be used to express functions on a surface:  

Signal Processing on Surfaces

L�i = �i�i



46/90

Fourier analysis: Euclidean space

A function f : [�⇡,⇡] ! R can be written as Fourier series

f(x) =
X

k�0

1

2⇡

Z ⇡

�⇡
f(x0)e�ikx0

dx0

| {z }
f̂k=hf,eikxiL2([�⇡,⇡])

eikx

↵1 ↵2 ↵3= + + + . . .

Fourier basis = Laplacian eigenfunctions: � d2

dx2 eikx = k2eikx

Fourier analysis: Euclidean Space
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Fourier analysis: non-Euclidean space

A function f : X ! R can be written as Fourier series

f(x) =
X

k�1

Z

X
f(x0)�k(x

0)dx0

| {z }
f̂k=hf,�kiL2(X)

�k(x)

= ↵1 + ↵2 + ↵3 + . . .

f �1 �2 �3

Fourier basis = Laplacian eigenfunctions: ��k(x) = �k�k(x)

Fourier analysis: Non-Euclidean Space
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Convolution: Euclidean space

Given two functions f, g : [�⇡,⇡] ! R their convolution is a function

(f ? g)(x) =

Z ⇡

�⇡
f(x0)g(x� x0)dx0

Shift-invariance: f(x� x0) ? g(x) = (f ? g)(x� x0)

Convolution operator commutes with Laplacian: (�f) ? g = �(f ? g)

Convolution theorem: Fourier transform diagonalizes the convolution
operator ) convolution can be computed in the Fourier domain as

\(f ? g) = f̂ · ĝ

E�cient computation using FFT

d’Alembert 1754; Borel 1899

Convolution: Euclidean Space
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Spectral convolution

Generalized convolution of f, g 2 L2(X ) can be defined by analogy

f ? g =
X

k�1

hf,�kiL2(X )hg,�kiL2(X )| {z }
product in the Fourier domain

�k

| {z }
inverse Fourier transform

In matrix-vector notation
f ? g =

Not shift-invariant! (G has no circulant structure)

Commutes with Laplacian: G�f = �Gf

Filter coe�cients depend on basis �1, . . . ,�n

Generalized Convolution
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Spectral convolution

Generalized convolution of f, g 2 L2(X ) can be defined by analogy

f ? g =
X

k�1

hf,�kiL2(X )hg,�kiL2(X )

| {z }
product in the Fourier domain

�k

| {z }
inverse Fourier transform

In matrix-vector notation

f ? g = � (�>g) � (�>f)

Not shift-invariant! (G has no circulant structure)

Commutes with Laplacian: G�f = �Gf

Filter coe�cients depend on basis �1, . . . ,�n

Generalized Convolution
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f ? g = �
�
�+g � �+f

�
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�+ = �T if �T� = Id

�+ = �TA if �TA� = Id
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(a � b)i = aibiElementwise multiplication. I.e.,  
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Spectral convolution

Generalized convolution of f, g 2 L2(X ) can be defined by analogy

f ? g =
X

k�1

hf,�kiL2(X )hg,�kiL2(X )

| {z }
product in the Fourier domain

�k

| {z }
inverse Fourier transform

In matrix-vector notation

f ? g = � diag(ĝ1, . . . , ĝn)�
>

| {z }
G

f

Not shift-invariant! (G has no circulant structure)

Commutes with Laplacian: G�f = �Gf

Filter coe�cients depend on basis �1, . . . ,�n

Generalized Convolution
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Spectral graph CNN

Convolutional layer expressed in the spectral domain

gl = ⇠

 
pX

l0=1

�Wl,l0�
>fl0

!
l = 1, . . . , q
l0 = 1, . . . , p

where Wl,l = n⇥ n diagonal matrix of filter coe�cients

Filters are basis-dependent ) does not generalize across graphs!

O(n) parameters per layer

O(n2) computation of forward and inverse Fourier transforms
�>,� (no FFT on graphs)

No guarantee of spatial localization of filters

Bruna et al. 2014

Spectral Convolution
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Wl,l0

Bruna, Joan, et al. "Spectral networks and locally connected networks on graphs." ICLR 2013



52/90

Spectral graph CNN
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!
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Filters are basis-dependent ) does not generalize across graphs!
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No guarantee of spatial localization of filters
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Spectral Convolution
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Bruna, Joan, et al. "Spectral networks and locally connected networks on graphs." ICLR 2013



Domain-dependence of the basis
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The Fourier (Laplacian) basis on a surface depends on the surface

The filters applied on one shape do not translate to a new shape 
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Basis dependence

Function f

Domain-dependence of the basis

Image credit: E. Rodolà
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Basis dependence

‘Edge detecting’ spectral filter �W�>f

Domain-dependence of the basis

Image credit: E. Rodolà



Domain-dependence of the filter

Applying the same filter on different shapes 

53/90

Basis dependence

‘Edge detecting’ spectral filter �W�>f



Domain-dependence of the basis

Laplacian eigenfunction on different shapes
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Spatial domain Deep Learning methods



Non-Euclidean learning

Idea: apply kernels directly on the surface!

Geometric Deep Learning: Going Beyond Euclidean Data Bronstein MM, Bruna J, 
LeCun Y, Szlam A, Vandergheynst P.. IEEE Signal Processing Magazine. 2017

A Comprehensive Survey on Geometric Deep Learning. Cao W, Yan Z, He Z, He Z. 2020

image credit M.Bronstein



Standard approach: texture mapping on 3D shapes.

Challenges: 
• No canonical global system of coordinates

No grid structure for convolution 
• No shift-invariance

Non-Euclidean learning



Key idea: parameterize the shape locally. Define a patch operator:

The kernel g(u) is defined in the Euclidean plane. It is 
applied on the surface. 

J. Masci et al. "Geodesic convolutional neural networks on riemannian manifolds." CVPRW, 2015

Non-Euclidean learning



Geodesic convolutional neural networks
Key idea: parameterize the shape locally. 

Using local polar coordinates on the surface can multiply the 
signal  f with a trainable kernel  g:

Product is a scalar per point ⇒ a real-valued function on the surface. 
Can stack in layers.

• Geodesic convolutional neural networks on Riemannian manifolds, Masci et al., 2015
• Geometric deep learning on graphs and manifolds using mixture model CNNs, Monti et al., 2017
• CNNs on Surfaces using Rotation-Equivariant Features, Wiersma et al. 2020. …

image credit M.Bronstein



Geodesic convolutional neural networks
Key idea: parameterize the shape locally. 

Using local polar coordinates on the surface can multiply the 
signal  f with a trainable kernel  g:

Product is a scalar per point ⇒ a real-valued function on the surface. 
Can stack in layers.

• Geodesic convolutional neural networks on Riemannian manifolds, Masci et al., 2015
• Geometric deep learning on graphs and manifolds using mixture model CNNs, Monti et al., 2017
• CNNs on Surfaces using Rotation-Equivariant Features, Wiersma et al. 2020. …

image credit M.Bronstein

Intrinsic = pose invariant!



Challenge: parameterization only defined up to rotation, even locally:

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

⌧1(u)

<latexit sha1_base64="pJnaJ5mwjrz50Ixzy7vsUR9XGtU=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKQb0VvXisYD9gu5Rsmrah2WRJJkJZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8OBXcgO9/e2vrG5tb24Wd4u7e/sFh6ei4ZZTVlDWpEkp3YmKY4JI1gYNgnVQzksSCtePx3cxvPzFtuJKPMElZlJCh5ANOCTgp7AKxvSyYVuxFr1T2q/4ceJUEOSmjHI1e6avbV9QmTAIVxJgw8FOIMqKBU8Gmxa41LCV0TIYsdFSShJkom588xedO6eOB0q4k4Ln6eyIjiTGTJHadCYGRWfZm4n9eaGFwHWVcphaYpItFAyswKDz7H/e5ZhTExBFCNXe3YjoimlBwKRVdCMHyy6ukdVkNatWbh1q5fpvHUUCn6AxVUICuUB3dowZqIooUekav6M0D78V79z4WrWtePnOC/sD7/AG5PJDo</latexit>

⌧2(u)

<latexit sha1_base64="tMLughH1OM9b2ghWDPsaFAMGYKI=">AAAB8nicbVBNSwMxEM3Wr1q/qh69LBahXspuKai3ohePFewHbJeSTbNtaDZZkolQlv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0o50+B5305hY3Nre6e4W9rbPzg8Kh+fdLQ0itA2kVyqXoQ15UzQNjDgtJcqipOI0240uZv73SeqNJPiEaYpDRM8EixmBIOVgj5gM8jqs6q5HJQrXs1bwF0nfk4qKEdrUP7qDyUxCRVAONY68L0UwgwrYITTWalvNE0xmeARDSwVOKE6zBYnz9wLqwzdWCpbAtyF+nsiw4nW0ySynQmGsV715uJ/XmAgvg4zJlIDVJDlothwF6Q7/98dMkUJ8KklmChmb3XJGCtMwKZUsiH4qy+vk0695jdqNw+NSvM2j6OIztA5qiIfXaEmukct1EYESfSMXtGbA86L8+58LFsLTj5ziv7A+fwBusSQ6Q==</latexit>

Masci, Boscaini, Bronstein, Vandergheynst 2015 

Intrinsic Learning on Surfaces 



Challenge: parameterization only defined up to rotation, even locally:

Masci, Boscaini, Bronstein, Vandergheynst 2015 

Intrinsic Learning on Surfaces 

animation by R Wiersma et al.



Challenge: parameterization only defined up to rotation, even locally:

Early solution: take the maximal response across all rotations.

u
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Non-Euclidean learning

J. Masci et al. "Geodesic convolutional neural networks on riemannian manifolds." CVPRW, 2015



Basic GCNN (geodesic CNN) architecture:

slide credit E. Rodolà

Intrinsic Learning on Surfaces 

Geodesic convolutional neural networks on Riemannian manifolds, Masci, Boscaini, Bronstein, Vandergheynst 2015 



Learning Correspondences

Geodesic convolutional neural networks on Riemannian manifolds, Masci, Boscaini, Bronstein, Vandergheynst 2015 37
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Correspondence found using GCNN (similar colors encode corresponding points) 
slide credit E. Rodolà

Learning Correspondences with GCNN

Geodesic convolutional neural networks on Riemannian manifolds, Masci, Boscaini, Bronstein, Vandergheynst 2015 



GCNN: Key challenges

Problem 1:
Local parametrization only defined up to rotation

Problem 2:
Angular max pooling loses directional information. 



Parametrization Ambiguity

More recent solutions to kernel rotation ambiguity :
Designing equivariant networks

• Multi-directional Geodesic Neural Networks (MDGCNN)

1. Work with directional functions
2. Keep responses of all kernel rotations:
3. Apply angular max pooling once at the end of the network
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Multi-directional Geodesic Neural Networks via Equivariant Convolution, Poulenard, O. , SIGGRAPH Asia 2018
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CNNs on Surfaces using Rotation-Equivariant Features, R. Wiersma, E. Eisemann, K. Hildebrandt, SIGGRAPH 2020



MDGCNN Results

GCNN MDGCNN
remeshed datasets released as part of: Continuous and Orientation-preserving Correspondences via 
Functional Maps, J. Ren, A. Poulenard, P. Wonka, M. O, SIGGRAPH Asia 2018*

Multi-directional Geodesic Neural Networks via Equivariant Convolution, Poulenard, O. , SIGGRAPH Asia 2018



Issues

Technical Problem:
Local parametrization only defined up to rotation

Even Bigger Problem:
Local patch operations – slow and not robust!

Main Question:
Can we avoid local patch parametrization and 
yet enable local communication on the surface?



Learning Correspondences – Results

after
remeshing

Li, Qinsong, et al. Shape correspondence using anisotropic Chebyshev spectral CNNs, CVPR 2020.

Many existing Geometric Deep Learning methods break under even mild remeshing.
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Common Intrinsic Surface Learning

geodesic 
convolutions

pooling
hierarchies

difficult on surfaces

source of non-robustness

use diffusion instead!



Alternative: Simple diffusion-based network

45

pointwise MLP gradient features

geodesic 
convolutions

+ +learned diffusion

pooling
hierarchies

difficult on surfaces

source of non-robustness

use diffusion instead!

DiffusionNet: Discretization Agnostic Learning on Surfaces, N. Sharp, S. Attaiki, K. Crane, M.O., Trans. On Graph., 2022



Basics: Laplacians and Diffusion

diffusion of a point value

Basic linear PDE↳

defined on surfaces via the Laplace-
Beltrami operator

↳

implemented & well-studied on many domains↳

t = 0.1
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Ht : Heat operator
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Learned diffusion

Lemma: diffusion + pointwise MLPs can 
represent all (radially symmetric) convolutions.

Key idea: the diffusion time is a learned parameter
variable per-channel spatial support↳
ranges from purely local to totally global↳
automatically optimized during training↳

convolution
pooling diffusion!

parameterized by ↳

learned diffusion layer

DiffusionNet: Discretization Agnostic Learning on Surfaces, N. Sharp, S. Attaiki, K. Crane, M.O., Trans. On Graph., 2022



Evaluating diffusion

Note: this is not spectral learning (we don’t learn any frequency-dependent filters)!

There are many ways to evaluate diffusion… 

In Laplacian eigenbasis, diffusion is just 
multiplying by 

<latexit sha1_base64="2xJfgXGVN6+RK69m+npj/5eBQ88="></latexit>

f0 =
X

i

ai�iI.e., if a function at time 0 is:

Then at time t (after diffusion):
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aie
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Differentiable with respect to t.
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�kf0
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Key idea: the diffusion time t is a learnable parameter.



Spatial gradient features

Typical architectures process input in blocks (of channels). 

For DiffusionNet each channel is a function on the shape.

Input Output

k functions m functionsLearned transformation

E.g. for diffusion
learnable diffusion for channel j.
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j <latexit sha1_base64="1kHxkoDPYAeGv/NxPHBbwk3ZgQI=">AAAB7XicbZDLSgMxFIYzXmvrperSTbAKrsqMiLosunFZwV6gHUomzbRpM8mQnCmUoe/gxoUibn0DX8A3cOeD6Nr0stDWHwIf/38OOecEseAGXPfTWVpeWV1bz2xkc5tb2zv53b2qUYmmrEKVULoeEMMEl6wCHASrx5qRKBCsFvSvx3ltwLThSt7BMGZ+RDqSh5wSsFY1hVZvhFv5glt0J8KL4M2gUDr6ensf5L7LrfxHs61oEjEJVBBjGp4bg58SDZwKNso2E8NiQvukwxoWJYmY8dPJtCN8bJ02DpW2TwKeuL87UhIZM4wCWxkR6Jr5bGz+lzUSCC/9lMs4ASbp9KMwERgUHq+O21wzCmJogVDN7ayYdokmFOyBsvYI3vzKi1A9LXrnxbNbr1C6QlNl0AE6RCfIQxeohG5QGVUQRT10jx7Rk6OcB+fZeZmWLjmznn30R87rDz2kk1o=</latexit>

tj



Spatial gradient features

Typical architectures process input in blocks (of channels). 

For DiffusionNet each channel is a function on the shape.

Input Output

k functions m functionsLearned transformation

E.g. for a linear transformation
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fout
j (x) =

P
i Aijf in

i (x) are learned parameters 
(independent of x). 
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Spatial gradient features

Typical architectures process input in blocks (of channels). 

For DiffusionNet each channel is a function on the shape.

Input Output

k functions m functionsLearned transformation

E.g. for a linear transformation
<latexit sha1_base64="jAIf4gtwddQIa1l6LVK4K2sQO9I="></latexit>

fout
j (x) =

P
i Aijf in

i (x) are learned parameters 
(independent of x). 
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Aij

DiffusionNet gradient features are similar: 
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Spatial gradient features

One more trick:

We can represent as a 2D vector in the tangent plane of x: 
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If        is a real number, then is just a scaled version of .

<latexit sha1_base64="vo4oagbXGHcFVHui8I44HyXfDtk=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFLTMi6rLqxmUFq0Jby500o7GZzJDckZZhPsW1G1f+hxsXSnErbv0F09aFrwOBk3PPJTnHj6Uw6Lo9Z2R0bHxiMjeVn56ZnZsvLCyemijRjFdZJCN97oPhUiheRYGSn8eaQ+hLfua3D/vzsxuujYjUCXZj3gjhUolAMEArNQv7dQW+BBpcpHXkHUyFyrKmWOus0+GdgmrRjP5ru+7bmoWiW3IHoH+J90WK5Y33u4/bh81Ks/BUb0UsCblCJsGYmufG2EhBo2CSZ/l6YngMrA2XvGapgpCbRjqImtFVq7RoEGl7FNKB+n0jhdCYbuhbZwh4ZX7P+uJ/s1qCwV7DxooT5IoNHwoSSTGi/d5oS2jOUHYtAaaF/StlV6CBoW03b0vwfkf+S063St5OafvYK5YPyBA5skxWyBrxyC4pkyNSIVXCyB15JM/kxbl3npye8zq0jjhfO0vkB5y3T+QYq/o=</latexit>

rf in
i (x) and rf in

j (x)

<latexit sha1_base64="uPO7G4RjR3QITVFHVMpLRpKWgF0=">AAAB7XicbZDLSgMxFIbP1FttvVRduglWwVWZEVGXVTcuK9gLtEPJpGmbNpMMSaZQhr6DGxeKuPUNfAHfwJ0PomvTy0Jbfwh8/P855JwTRJxp47qfTmppeWV1Lb2eyW5sbm3ndnYrWsaK0DKRXKpagDXlTNCyYYbTWqQoDgNOq0H/epxXB1RpJsWdGUbUD3FHsDYj2FirctlMWG/UzOXdgjsRWgRvBvni4dfb+yD7XWrmPhotSeKQCkM41rruuZHxE6wMI5yOMo1Y0wiTPu7QukWBQ6r9ZDLtCB1Zp4XaUtknDJq4vzsSHGo9DANbGWLT1fPZ2Pwvq8emfeEnTESxoYJMP2rHHBmJxqujFlOUGD60gIlidlZEulhhYuyBMvYI3vzKi1A5KXhnhdNbL1+8gqnSsA8HcAwenEMRbqAEZSDQg3t4hCdHOg/Os/MyLU05s549+CPn9QddxZNw</latexit>

Aij
<latexit sha1_base64="1jgFmRRWzvmXK/qaCKaCdFPiXrY=">AAACCXicbVC7TsMwFHXKu+VRYGSxKEhlqRKEgLHAwlgk2iK1JXJcpzU4TmTfIKooKwu/wsJAhVj7B2x8CMy4jwEKR7J0dM69uj7HiwTXYNsfVmZmdm5+YXEpm1teWV3Lr2/UdBgryqo0FKG68ohmgktWBQ6CXUWKkcATrO7dng39+h1TmofyEnoRawWkI7nPKQEjuXl84ib8JsVNSTxBsH+dNIHdQ8Jlmrq8eL/n5gt2yR4B/yXOhBTKO5/9wV3uq+Lm35vtkMYBk0AF0brh2BG0EqKAU8HSbDPWLCL0lnRYw1BJAqZbyShJineN0sZ+qMyTgEfqz42EBFr3As9MBgS6etobiv95jRj845ZJFcXAJB0f8mOBIcTDWnCbK0ZB9AwhVHHzV0y7RBEKprysKcGZjvyX1PZLzmHp4MIplE/RGItoC22jInLQESqjc1RBVUTRA3pCL6hvPVrP1qv1Nh7NWJOdTfQL1uAbPLiefA==</latexit>

Aijrf in
i (x)

<latexit sha1_base64="vo4oagbXGHcFVHui8I44HyXfDtk=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFLTMi6rLqxmUFq0Jby500o7GZzJDckZZhPsW1G1f+hxsXSnErbv0F09aFrwOBk3PPJTnHj6Uw6Lo9Z2R0bHxiMjeVn56ZnZsvLCyemijRjFdZJCN97oPhUiheRYGSn8eaQ+hLfua3D/vzsxuujYjUCXZj3gjhUolAMEArNQv7dQW+BBpcpHXkHUyFyrKmWOus0+GdgmrRjP5ru+7bmoWiW3IHoH+J90WK5Y33u4/bh81Ks/BUb0UsCblCJsGYmufG2EhBo2CSZ/l6YngMrA2XvGapgpCbRjqImtFVq7RoEGl7FNKB+n0jhdCYbuhbZwh4ZX7P+uJ/s1qCwV7DxooT5IoNHwoSSTGi/d5oS2jOUHYtAaaF/StlV6CBoW03b0vwfkf+S063St5OafvYK5YPyBA5skxWyBrxyC4pkyNSIVXCyB15JM/kxbl3npye8zq0jjhfO0vkB5y3T+QYq/o=</latexit>

rf in
i (x) and rf in

j (x)

<latexit sha1_base64="1jgFmRRWzvmXK/qaCKaCdFPiXrY=">AAACCXicbVC7TsMwFHXKu+VRYGSxKEhlqRKEgLHAwlgk2iK1JXJcpzU4TmTfIKooKwu/wsJAhVj7B2x8CMy4jwEKR7J0dM69uj7HiwTXYNsfVmZmdm5+YXEpm1teWV3Lr2/UdBgryqo0FKG68ohmgktWBQ6CXUWKkcATrO7dng39+h1TmofyEnoRawWkI7nPKQEjuXl84ib8JsVNSTxBsH+dNIHdQ8Jlmrq8eL/n5gt2yR4B/yXOhBTKO5/9wV3uq+Lm35vtkMYBk0AF0brh2BG0EqKAU8HSbDPWLCL0lnRYw1BJAqZbyShJineN0sZ+qMyTgEfqz42EBFr3As9MBgS6etobiv95jRj845ZJFcXAJB0f8mOBIcTDWnCbK0ZB9AwhVHHzV0y7RBEKprysKcGZjvyX1PZLzmHp4MIplE/RGItoC22jInLQESqjc1RBVUTRA3pCL6hvPVrP1qv1Nh7NWJOdTfQL1uAbPLiefA==</latexit>

Aijrf in
i (x)



Spatial gradient features

One more trick:

We can represent as a 2D vector in the tangent plane of x: 

<latexit sha1_base64="jgN0vMSSF8AvlQlBWVAhlmlg7QU="></latexit>

fout
j (x) =

P
i Aij < rf in

i (x),rf in
j (x) >

<latexit sha1_base64="vo4oagbXGHcFVHui8I44HyXfDtk=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFLTMi6rLqxmUFq0Jby500o7GZzJDckZZhPsW1G1f+hxsXSnErbv0F09aFrwOBk3PPJTnHj6Uw6Lo9Z2R0bHxiMjeVn56ZnZsvLCyemijRjFdZJCN97oPhUiheRYGSn8eaQ+hLfua3D/vzsxuujYjUCXZj3gjhUolAMEArNQv7dQW+BBpcpHXkHUyFyrKmWOus0+GdgmrRjP5ru+7bmoWiW3IHoH+J90WK5Y33u4/bh81Ks/BUb0UsCblCJsGYmufG2EhBo2CSZ/l6YngMrA2XvGapgpCbRjqImtFVq7RoEGl7FNKB+n0jhdCYbuhbZwh4ZX7P+uJ/s1qCwV7DxooT5IoNHwoSSTGi/d5oS2jOUHYtAaaF/StlV6CBoW03b0vwfkf+S063St5OafvYK5YPyBA5skxWyBrxyC4pkyNSIVXCyB15JM/kxbl3npye8zq0jjhfO0vkB5y3T+QYq/o=</latexit>

rf in
i (x) and rf in

j (x)

<latexit sha1_base64="vo4oagbXGHcFVHui8I44HyXfDtk=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFLTMi6rLqxmUFq0Jby500o7GZzJDckZZhPsW1G1f+hxsXSnErbv0F09aFrwOBk3PPJTnHj6Uw6Lo9Z2R0bHxiMjeVn56ZnZsvLCyemijRjFdZJCN97oPhUiheRYGSn8eaQ+hLfua3D/vzsxuujYjUCXZj3gjhUolAMEArNQv7dQW+BBpcpHXkHUyFyrKmWOus0+GdgmrRjP5ru+7bmoWiW3IHoH+J90WK5Y33u4/bh81Ks/BUb0UsCblCJsGYmufG2EhBo2CSZ/l6YngMrA2XvGapgpCbRjqImtFVq7RoEGl7FNKB+n0jhdCYbuhbZwh4ZX7P+uJ/s1qCwV7DxooT5IoNHwoSSTGi/d5oS2jOUHYtAaaF/StlV6CBoW03b0vwfkf+S063St5OafvYK5YPyBA5skxWyBrxyC4pkyNSIVXCyB15JM/kxbl3npye8zq0jjhfO0vkB5y3T+QYq/o=</latexit>

rf in
i (x) and rf in

j (x)
<latexit sha1_base64="sno6db55ozAgqLn0FRFx05iSO5I=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEfUiBr14TMAskAyhp1OTtOlZ6O4RQ8gTePGgiFd9GO9exLexsxw08YeGj/+voqvKTwRX2nG+rczC4tLySnbVXlvf2NzKbe9UVZxKhhUWi1jWfapQ8AgrmmuB9UQiDX2BNb93NcprdygVj6Mb3U/QC2kn4gFnVBurfN/K5Z2CMxaZB3cK+YsP+zx5/7JLrdxnsx2zNMRIM0GVarhOor0BlZozgUO7mSpMKOvRDjYMRjRE5Q3Ggw7JgXHaJIileZEmY/d3x4CGSvVD31SGVHfVbDYy/8saqQ7OvAGPklRjxCYfBakgOiajrUmbS2Ra9A1QJrmZlbAulZRpcxvbHMGdXXkeqkcF96RwXHbzxUuYKAt7sA+H4MIpFOEaSlABBggP8ATP1q31aL1Yr5PSjDXt2YU/st5+AEkNkEM=</latexit>x

Instead of simply scaling , we can scale and rotate it in the 2D 
plane. Useful for injecting directional information into the pipeline. 
Can be conveniently done via complex multiplication. 

<latexit sha1_base64="vo4oagbXGHcFVHui8I44HyXfDtk=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFLTMi6rLqxmUFq0Jby500o7GZzJDckZZhPsW1G1f+hxsXSnErbv0F09aFrwOBk3PPJTnHj6Uw6Lo9Z2R0bHxiMjeVn56ZnZsvLCyemijRjFdZJCN97oPhUiheRYGSn8eaQ+hLfua3D/vzsxuujYjUCXZj3gjhUolAMEArNQv7dQW+BBpcpHXkHUyFyrKmWOus0+GdgmrRjP5ru+7bmoWiW3IHoH+J90WK5Y33u4/bh81Ks/BUb0UsCblCJsGYmufG2EhBo2CSZ/l6YngMrA2XvGapgpCbRjqImtFVq7RoEGl7FNKB+n0jhdCYbuhbZwh4ZX7P+uJ/s1qCwV7DxooT5IoNHwoSSTGi/d5oS2jOUHYtAaaF/StlV6CBoW03b0vwfkf+S063St5OafvYK5YPyBA5skxWyBrxyC4pkyNSIVXCyB15JM/kxbl3npye8zq0jjhfO0vkB5y3T+QYq/o=</latexit>

rf in
i (x) and rf in

j (x)

<latexit sha1_base64="vo4oagbXGHcFVHui8I44HyXfDtk=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFLTMi6rLqxmUFq0Jby500o7GZzJDckZZhPsW1G1f+hxsXSnErbv0F09aFrwOBk3PPJTnHj6Uw6Lo9Z2R0bHxiMjeVn56ZnZsvLCyemijRjFdZJCN97oPhUiheRYGSn8eaQ+hLfua3D/vzsxuujYjUCXZj3gjhUolAMEArNQv7dQW+BBpcpHXkHUyFyrKmWOus0+GdgmrRjP5ru+7bmoWiW3IHoH+J90WK5Y33u4/bh81Ks/BUb0UsCblCJsGYmufG2EhBo2CSZ/l6YngMrA2XvGapgpCbRjqImtFVq7RoEGl7FNKB+n0jhdCYbuhbZwh4ZX7P+uJ/s1qCwV7DxooT5IoNHwoSSTGi/d5oS2jOUHYtAaaF/StlV6CBoW03b0vwfkf+S063St5OafvYK5YPyBA5skxWyBrxyC4pkyNSIVXCyB15JM/kxbl3npye8zq0jjhfO0vkB5y3T+QYq/o=</latexit>

rf in
i (x) and rf in

j (x)

<latexit sha1_base64="1jgFmRRWzvmXK/qaCKaCdFPiXrY=">AAACCXicbVC7TsMwFHXKu+VRYGSxKEhlqRKEgLHAwlgk2iK1JXJcpzU4TmTfIKooKwu/wsJAhVj7B2x8CMy4jwEKR7J0dM69uj7HiwTXYNsfVmZmdm5+YXEpm1teWV3Lr2/UdBgryqo0FKG68ohmgktWBQ6CXUWKkcATrO7dng39+h1TmofyEnoRawWkI7nPKQEjuXl84ib8JsVNSTxBsH+dNIHdQ8Jlmrq8eL/n5gt2yR4B/yXOhBTKO5/9wV3uq+Lm35vtkMYBk0AF0brh2BG0EqKAU8HSbDPWLCL0lnRYw1BJAqZbyShJineN0sZ+qMyTgEfqz42EBFr3As9MBgS6etobiv95jRj845ZJFcXAJB0f8mOBIcTDWnCbK0ZB9AwhVHHzV0y7RBEKprysKcGZjvyX1PZLzmHp4MIplE/RGItoC22jInLQESqjc1RBVUTRA3pCL6hvPVrP1qv1Nh7NWJOdTfQL1uAbPLiefA==</latexit>

Aijrf in
i (x)

<latexit sha1_base64="1jgFmRRWzvmXK/qaCKaCdFPiXrY=">AAACCXicbVC7TsMwFHXKu+VRYGSxKEhlqRKEgLHAwlgk2iK1JXJcpzU4TmTfIKooKwu/wsJAhVj7B2x8CMy4jwEKR7J0dM69uj7HiwTXYNsfVmZmdm5+YXEpm1teWV3Lr2/UdBgryqo0FKG68ohmgktWBQ6CXUWKkcATrO7dng39+h1TmofyEnoRawWkI7nPKQEjuXl84ib8JsVNSTxBsH+dNIHdQ8Jlmrq8eL/n5gt2yR4B/yXOhBTKO5/9wV3uq+Lm35vtkMYBk0AF0brh2BG0EqKAU8HSbDPWLCL0lnRYw1BJAqZbyShJineN0sZ+qMyTgEfqz42EBFr3As9MBgS6etobiv95jRj845ZJFcXAJB0f8mOBIcTDWnCbK0ZB9AwhVHHzV0y7RBEKprysKcGZjvyX1PZLzmHp4MIplE/RGItoC22jInLQESqjc1RBVUTRA3pCL6hvPVrP1qv1Nh7NWJOdTfQL1uAbPLiefA==</latexit>

Aijrf in
i (x)



Spatial gradient features

Challenge: we want to go beyond radially-symmetric filters

Solution: append extra features, dot products of spatial gradients

radially symmetric
filters only

beyond radially
symmetric filters

spatial gradient of 
scalar features

learned scaling

Our gradient features:

<latexit sha1_base64="+ffmkyZ+mF2oDPAfhVI+hiih3rY="></latexit>

z = ru

tanh(hz,Azi)

<latexit sha1_base64="B7vBUpw/TIDdHhJqf47Sv9EC/bk="></latexit>

output(i) = tanh(
P

j hz(i), Aijz(j)i

<latexit sha1_base64="7Wi0DwdB0TKoOakHlNJDDCaTxV8="></latexit>



DiffusionNet Architecture

DiffusionNet: Discretization Agnostic Learning on Surfaces, N. Sharp, S. Attaiki, K. Crane, M.O., Trans. On Graph., 2022



DiffusionNet Results

RNA segmentation

State-of-the-art on several benchmarks!

*

*data released as part of Poulenard et al. Effective rotation-invariant point cnn with spherical harmonics kernels, 3DV 2019

Human part segmentation

DiffusionNet: Discretization Agnostic Learning on Surfaces, N. Sharp, S. Attaiki, K. Crane, M.O., Trans. On Graph., 2022



Shape Correspondence with DiffusionNet:

DiffusionNet Results

DiffusionNet: Discretization Agnostic Learning on Surfaces, N. Sharp, S. Attaiki, K. Crane, M.O., Trans. On Graph., 2022



Performance

Key property in practice:
runs easily on full-size meshes/clouds!
(no remeshing/downsampling)

training at 42ms/input on 15k vertex/point inputs↳
< 2.5 GB memory usage for training↳

(all on single RTX2070, in PyTorch)

~3 sec precompute per input on CPU (scipy)↳

148k vertices

DiffusionNet: Discretization Agnostic Learning on Surfaces, N. Sharp, S. Attaiki, K. Crane, M.O., Trans. On Graph., 2022



Benefits

Sampling

62

after
remeshing

original
connectivity error

0

10%

DiffusionNet is quite robust to 
resampling by default

& point cloud sampling

original isotropic

quadric varying density

dataset for evaluating
sampling invariance



Benefits

Transferability

63

train on meshes, 
infer on a point cloud!



Spectral filtering is efficient but not easy to generalize 
across domains

Conclusion

64

Geodesic CNNs generalize well, but can be unstable and not 
robust.

DiffusionNet a robust method for learning on surfaces.


